EXTREME VALUES OF QUADRATIC HECKE L-FUNCTIONS OVER
GLOBAL FIELDS
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ABSTRACT. We study large values of quadratic Hecke L-functions in the conductor aspect.
Let K be a fixed number field, and assume GRH for its finite-order Hecke L-functions. In a
fixed ray class component with conductor norm comparable to X, we prove that

1 A A log X log; X
L=+ —— > 1 o 7
= (2 + 1og2X’X> = eXp{(e oW~ g, X

for every fixed A > 0. Every fixed smaller constant is attained by at least X*~°) characters.
The same count holds at a suitably slowly moving threshold approaching the displayed
constant. The combinatorial input is a sparse squarefree Gal set of cardinality N, retaining
the known leading constant 2 and having square multiplicative energy N2t°(Y) The energy
bound reflects the low degree of the associated Boolean polynomial. Together with the
resonance estimate, it yields the abundance bound. We also prove unconditional analogues
for quadratic characters with prime conductor away from one fixed place over any global
function field of odd characteristic. Finally, we give bounds in the fixed strip and at s = 1,
including the dependence on the residue of the Dedekind zeta function and the prescribed
local factors.
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1. INTRODUCTION

We study large values of quadratic Hecke L-functions near the central point, with particular
attention to how often such values occur. A lower bound for the maximum obtained by
resonance need not, by itself, give a useful count of the characters attaining large values: the
resonating weight may be concentrated on too few members of the family. Here we use sparse
squarefree resonators whose fourth moments can also be controlled. This allows us to prove
that every fixed lower threshold in our maximum estimate is reached by X characters
in a family of size comparable to X. The argument applies at the centre and at real points
approaching it from the right.

Let K be a fixed number field of degree dx, with ring of integers Ok, and let Na denote
the absolute norm of a nonzero integral ideal. Unless stated otherwise, ideal sums are over
nonzero integral ideals of Ox. We write log; for the j-fold iterated natural logarithm and set

log X logs X
X)=\—————
V(X) log, X

The family is chosen in Proposition 2.1. It consists of squarefree ideals a in the identity class
of a fixed narrow ray modulus with finite part q. Denote this set by 2 and the finite support
of q by S. For each a € €, choose a totally positive generator ay = 1 (mod q). With a
suitable fixed totally positive d € K*, the extension K (y/da,)/K defines a quadratic Hecke

character x, independent of this choice. Its conductor satisfies

fﬂ = a, Xﬂ(p) =0 (p € S)v
where ¢q is fixed. As usual, the ideal coefficients are extended by zero at ramified primes.
Thus the conductor norm is comparable to Na. We write

QX)={aeQ: X <Na<2X}.

Then #Q(X) ~ kX for a constant kg > 0.

Throughout the number field arguments, GRHg denotes GRH for all finite-order Hecke
L-functions over K. The larger class of characters is needed in the reciprocity argument:
extending a quadratic character from a subgroup of a ray class group need not preserve its
order. For A > 0, put

X) = E + A (1.1)
a(X) = 2 logy X~ '
Theorem 1.1. Assume GRHpg. Then the following assertions hold.
(i) For every fized A > 0,

ex. Loa(X), xa) 2 exp{(e”" + o(1))V(X)}.

(ii) For every fited A>0 and 0 < c < 1,
#{a € QX) : L(0a(X), xa) = e "V} > x1-o0),

(iii) For every fized Ay > 0, there is a function na,(X) — 0 such that, uniformly for
0 < A < AO;

#{a € UX) : L(oa(X), xa) > eIV > yioll),

The first two assertions are also uniform for A in a fixed compact interval.

At A = 0 this gives the corresponding statements at the centre. The count X'1~°(1) means
that, for each fixed € > 0, there are at least X'~ such characters for all sufficiently large
X. This does not imply a positive proportion. The threshold in (iii) is obtained by diagonal
selection, with no prescribed rate for n4,(X) — 0.
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Over Q the result can be stated in a single congruence class of positive fundamental dis-
criminants. Write xp(n) = (D/n) for the Kronecker character associated with a positive
fundamental discriminant D, and put

Ds(X)={D:X <D <2X, D=38a, asquarefree, a=1 (mod 8)}.

These are precisely the positive fundamental discriminants in the congruence class 8 (mod 64)
and the indicated interval.

Corollary 1.2. Assume GRH for Dirichlet L-functions. For every fited A > 0 and0 < ¢ < 1,
#{D € Ds(X) : L(ca(X), xp) > = "VE)} > x1-o(),

Moreover,

s Loa(X).xp) = expl(e™ + o(1)V(X)}.

Both assertions are uniform for A in a fived compact subset of [0,00), and remain valid with
Ds(X) replaced by all positive fundamental discriminants in (X,2X].

Proof. For K = Q, take S = {2}, d = 2, and q = (8) in the family construction. The
component consists of squarefree positive integers @ = 1 (mod 8). The extension Q(v/2a)
has discriminant and conductor 8a, and its character is xs,. To express the result in the

conductor variable, set
logy Y

logy X
Then op(Y) = 04(X) exactly, and, uniformly for bounded A,
e BVY) = (14 o(1)e 4V(X).
Apply Theorem 1.1(ii) with any fixed ¢ < ¢’ < 1 and use its compact-parameter uniformity.
For sufficiently large X, the threshold with ¢ exceeds the one stated here, and Y1—°(1) =

X1=o(M) " The maximum follows from assertion (i) of the same theorem. Inclusion gives the
claims for all positive fundamental discriminants. O

Y=X/38, B=A

The analogous result over function fields is unconditional. Let F' = F,(C), where ¢ is odd
and C' is a smooth, projective, geometrically connected curve, and fix an odd-degree place co.
We use the component Q2 of principal primes in I'(C' \ {o0}, O¢) constructed in Section 7.
A normalized generator of f € (2r defines a quadratic character g with conductor divisor
B + co. The finite conductor away from oo is therefore prime. For the admissible degrees,
write

Qp(n) ={P € Qp:degPB=n},  Xpn=g"

Vr(m) = \[ AL (14 o(1)V(X,) (1.2

L, 4 (1.3)

TAn =5 + logy X

Theorem 1.3. Fiz F = F(C) with q odd, and let n tend to infinity through the admissible
degrees of Qp.
(i) For every fized A > 0,

a L nsy Ze _A+ ]‘ V :
gl L(oan,xp) 2 exp{(e™ +o(1))Vr(n)}

(ii) For every fized A >0 and 0 < ¢ < 1,
#{P € Qp(n) : L(oan, xp) > ecefAVF(”)} > X,ll_o(l).

and set
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(iii) For every fited Ag > 0, there is a function npa,(n) — 0 such that, uniformly for
0 < A < AO;

H{P € Qp(n) : L(oan, xp) > 6(1_77F,A0(”))6_AVF(”)} > X Lo,
The first two assertions are uniform on fixed compact intervals of A. No unproved hypothesis

18 required.

The restriction to prime conductors gives a twisted character average with error Op((1 +
deg lg)q”/ 2/n), where [y is the squarefree part of the twisting ideal. Its linear dependence on
deg [y is useful here, since the resonator contains divisors of degree much larger than n.

We also obtain number field bounds at fixed points to the right of the centre. For 0 < b < 1
and 1/2 < o < 1, put

1+0b)? _ 2b
u, aoh) = —

1+02 (1+06)(1-0)
The factor 2b/(1 + b?) comes from the local square product count. a(b) determines the
permitted length of the resonator.

Theorem 1.4. Assume GRHg, and fir 1/2 <o <1 and 0 <b < 1.
(i) One has

a(b) = 2log a(b)? L (1.4)

max log L(c, Xa) > ((0,b) + o(1))(log X)' =7 (logy X) .
acQ(X)

(ii) For 0 <n < 1/a(b), define
Ton(X) = a(o,b)(1 — na(b))l_g(log X)I_U(logQ X)7°.
Then

#{a € Q(X) : logL(Ua Xﬂ) > TO'J](X)} > X—%(l—na(b))-l—o(l).
#Q(X) B
At s = 1 the leading multiplier includes the residue kg = Ress—1 (x(s) and the factors at
the fixed ramified primes. With v denoting Euler’s constant, put

Miqa=e"rg [J(1 - (Np)™). (1.5)
pes
We shall also use the constant
log 2
Ca=7 - Og +log (2 <3log2—g>) = 0.455967 . ... (1.6)
Theorem 1.5. Assume GRH.

(i) One has
max L(1,xq) > Mg a(logy X +logs X — Ca + 0o(1)).
aeQ(X)
(ii) For every fized n > 0, the proportion of a € Q(X) with
L(1, xa) > M o(logy X +logg X — Cy — 1)
is at least X ¢ "/2+o(1),

1.1. Earlier work. Soundararajan introduced the resonance method for extreme values of
zeta and L-functions [34, Theorems 1-2]. Its connection with GCD sums was developed by
Aistleitner [1] and by Bondarenko and Seip [5, 6]. Our combinatorial construction follows the
sparse prime blocks of de la Breteche and Tenenbaum [7, Section 2.2] and retains the leading
constant in their squarefree Gél estimate [7, equation (1.5), Remark after Theorem 1.1].

For quadratic Dirichlet L-functions, Darbar and Maiti [10, Theorem 1] proved, under GRH,
a central maximum lower bound with coefficient 1/2 on the scale V(X). Dong, Wang, Zhang
and Zhao [14, Theorem 1.1] obtained coefficient 1. At the moving point 1/2 + A/logs X,
Dong, Li, Song and Zhao [13, Theorem 1.1] obtained e=4/(2(e — 1)). Theorem 1.1 gives



EXTREME VALUES OF QUADRATIC HECKE L-FUNCTIONS 5

e~ and counts the characters exceeding every fixed smaller threshold. At the centre over
Q, the maximum coefficient is thus the one already known. The additional conclusion is the
abundance bound, which holds even in the congruence class of Corollary 1.2. Over a fixed
number field, the theorem gives both assertions in the component 2. These are lower bounds
on the resonance scale, rather than asymptotic formulas for the true maximum. See [17] for
conjectures on extreme values.

The point of the construction is to retain the Gal gain while keeping the fourth moment
small. Proposition 5.3 provides one set with the required cardinality, prime support, shifted
G4l sum and square energy. Lemma 5.5 shows that its gain survives the truncation in the
approximate functional equation. The energy estimate follows from sparsity, either by the
counting argument in Lemma 5.1 or by Bonami hypercontractivity, as noted in Remark 5.4.
For function fields we use blocks of prescribed prime degree, where the discreteness of the
norms must be taken into account.

Table 1 summarizes these comparisons. A coefficient C' denotes a maximum lower bound
exp{(C + o(1))V(X)}, with Vp(n) in place of V(X) over function fields. The abundance
entries refer to every fixed coefficient ¢C, 0 < ¢ < 1. The number field bounds assume
GRH, whereas the function field bounds are unconditional. Only the indicated maximum
and abundance statements are compared.

TABLE 1. Central and moving-point lower bounds on the resonance scale.

Source Family and point Coefficient Result compared
Darbar-Maiti [10] Quadratic Dirichlet, A =0 1/2 Maximum
Dong et al. [14] Quadratic Dirichlet, A =0 1 Maximum
—A
Dong et al. [13] Quadratic Dirichlet, A > 0 h Maximum
e _
Theorem 1.1; Corollary 1.2 Fixed number field, A > 0 e 4 Maximum and
X1 count
Darbar—Maiti [11] Prime polynomials over 1/2 Maximum
F,(t), A=0
Theorem 1.3 Principal primes over a e 4 Maximum and
fixed curve, A > 0 X2 count

Related results with restrictions on rational conductors appear in Fan, Hua and Xie [16],
Gao [18], and Dong, Wang, Zhang and Zhao [15]. For number fields, the quadratic Hecke
families of Goldmakher and Louvel [22, Definition 1 and Section 2] provide the relevant
reciprocity framework. We work in an explicit Kummer component and prove the character
average needed for that component directly. Moment results over imaginary quadratic fields
may be found in [20, 19]. Other families of Hecke L-functions include the angular characters
considered by White [36] and the class-group characters considered by Campos-Vargas [8].

Over F,(t), Darbar and Maiti [11, Theorem 1] obtained coefficient 1/2 for the central maxi-
mum in a prime-polynomial family. Theorem 1.3 gives coefficient 1, together with abundance
and moving point bounds, over any fixed curve of odd characteristic. We discuss the conven-
tions for polynomial quadratic symbols in Section 7. For large values and value distributions
in function fields, see [12, 29, 28]. For central moments and limit theorems, see [4, 25, 9].

Theorems 1.4 and 1.5 use the short Euler product approach of [3] and the quadratic
resonators of [10]. They give number field versions with the local factors kept explicit. Related
results in the strip appear in [26, 27], and results at 1 in [30, 23, 2].

1.2. Outline of the proof. For a set M of squarefree ideals, consider

R, = Z x(m).

meM
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We estimate the first moment of L(c,x) with weight |R,|* and compare it with the second
moment of the resonator. After applying the approximate functional equation and averag-
ing over the characters, square products give the main term. Given m,n € M, the ideal
[m, n]/(m, n) makes their product a square. Here parentheses and brackets denote the ideal
ged and lem. Its contribution to the first moment contains the kernel

N(m,n)\?
()
The first moment lower bound is therefore governed by a Gal sum.

The fourth moment involves a different count: Er(M), the number of ordered quadruples
in M whose product is a square. For |[M| = N, we require Eq(M) < N?T°(1) as well as
the Gél lower bound. Both estimates are obtained by taking products of sparse subsets of
disjoint prime blocks. Once the fourth moment has been bounded, Cauchy—Schwarz and the
individual estimate |L(o, x)| < X°() give the abundance assertion.

For each fixed € > 0, the error in the number field weighted first moment is
O(X3/4+e+to(M N2) - compared with the main scale XN. We take N = X? with fixed
B < 1/4 and € < 1/4 — 3. The G4l constant 2 then gives 2y/B in the maximum bound.
Letting 8 1 1/4 gives coefficient 1. At the moving point, the primes in the blocks satisfy
logNp = (1 + o(1))logy N, and logy N/logy X — 1. The shift in each prime weight thus
contributes e~ 4 o(1), uniformly for bounded A.

Sections 2—4 establish the family, the character average and the analytic estimates. The G&l
construction and its truncation are proved in Section 5, and Theorem 1.1 follows in Section 6.
Section 7 treats function fields. The fixed-strip and 1-line arguments occupy Sections 8 and
9.

Throughout, O(+), <, and o(-) refer to the parameter tending to infinity. Implicit constants
may depend on the fixed field, the fixed component, and explicitly fixed auxiliary parameters.
When a parameter varies over a compact interval, we state the required uniformity. We use
1g for the indicator of a condition or set E.

2. THE QUADRATIC FAMILY

We construct a family with two properties: its conductors vary with squarefree ideals, and
its fixed local factors contribute no signs to the character averages. Starting from a fixed
quadratic extension, we multiply its defining square class by generators of suitable principal
ideals. The construction is a restricted form of that in Goldmakher—Louvel [22, Section 2],
with the local conditions specified for the averages below.

Let Ag denote the adele ring of K. A finite-order Hecke character is a continuous character

w: K*\Ag — C*
with finite image. Its finite conductor is denoted by f,,. We say that its infinite type is trivial
if its archimedean components are trivial. Its associated ideal character is

H wp(@p)®, (M fw) =1,
Xw(n) = 4 pefn
0, (n,fw) > 1,
where @y, is a uniformizer of K,. At an unramified prime this value is independent of the
uniformizer. The zero in this definition records ramification. A local character itself never

vanishes. We use L(s, xw) and L(s,w) for the same Hecke L-function, defined for $s > 1 by
the absolutely convergent expressions

e w®))
P =2 iy ~ 1 (1= %)

Here K, is the completion at p. We write vy, for its normalized valuation. See [24, Section 3.8]
for ideal and Hecke characters.
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A narrow ray modulus will always include every real place. We denote its finite ideal part
by g. If S is a finite set of finite primes, the notation (a,S) = 1 means that no prime in S
divides a.

Proposition 2.1. There are a finite set S containing the dyadic primes, a narrow ray mod-
ulus with finite part q supported on S, and an ideal ¢4 supported on S, with the following
properties.
(i) Let Q4 be the squarefree integral ideals in the identity narrow ray class modulo q. Each
a € Q4 determines a primitive quadratic character w, of trivial infinite type, with

fo = c1a, Xa(p) =0 (p€SI). (2.1)
Distinct ideals give distinct characters.

(ii) The set Q4 has positive density among integral ideals. If Cl;‘ is the narrow ray class
group, its hat denotes the character group, and pg s the ideal Mébius function, then

o, (a) = 1200 = Y ¢ (2.2)

!Cl+\
»:jeCl+

Proof. Different totally positive generators of a principal ideal can define different quadratic
extensions. We impose congruences that make every remaining unit ambiguity a square.

Let U;; denote the totally positive units. The quotient U;g / U?{ is finite. For each nontrivial
class choose a representative u and a distinct nondyadic prime t, at which « is not a square.
Such primes exist by Chebotarev applied to K(y/u)/K. Let T consist of these primes and
the dyadic primes.

Choose m, € p \ p? for each p € T. The Chinese remainder theorem gives an integral dy
with dp = m, (mod p?) for all p € T.. Choose a positive rational integer M € [per p2. Such
an M exists because every nonzero integral ideal of Ok has nonzero intersection with Z. For
a sufficiently large positive integer k, the element d = dy + kM is totally positive and has
valuation one at every prime of 1. Put

S = {p : vp(d) is odd}.
Then S contains T'. In particular, every dyadic prime belongs to .S. The quadratic extension
K(Vd)/K is ramified at every prime in S. Outside S the residue characteristic is therefore
odd. Moreover, vy(d) is even, so the extension is unramified there. Write 14 for its quadratic

character and ¢4 for its finite conductor. Thus ¢4 has support exactly S.
For each p € S choose M, so large that

1+ p" Ok, C K2 (2.3)

Set q = Hpe o pMr | increasing the exponents if necessary so that ¢ | q. These conditions
imply
{ueUf:u=1 (modq)}CUf. (2.4)
Indeed, a nonsquare class has a chosen prime t,, where it is not a local square. Equation (2.3)
excludes that class from the left side.
For a € 24 choose a generator satisfying

(ovq) = a, aq > 0 at every real place, ag =1 (mod q).

Define w, to be the quadratic character of K (v/dagy)/K. Any two permitted generators differ
by a unit in (2.4). Hence the character is well defined. It is nontrivial because da, has odd
valuation at every prime in S.

At p € S, the generator a4 is a local square. The local character therefore agrees with 1y
and has the same conductor exponent. Since a is a ray class ideal, it is coprime to g, hence
no prime of S divides a. At a prime dividing a, the residue characteristic is therefore odd
and dag has odd valuation. The character is tamely ramified with conductor exponent one.
At every remaining finite prime the residue characteristic is odd and the valuation of day is
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even. The corresponding quadratic extension is unramified (possibly split). Total positivity
gives trivial infinite type. This proves (2.1). The conductor recovers a, so distinct indices
give distinct characters.

Character orthogonality in Cl;’ gives (2.2). We verify its density assertion by a Dirichlet

series. For a ray character ¢, write L (s,&) for its Hecke L-function with the Euler factors in

S removed. Then
Hic(@)E(a) _ €p)\ _ LS(s,8)
(a%):zl K(Nicos B ple}? <1 + (Np)8> T L5(2s,€2) (2.5)

The denominator is nonzero for fts > 1/2 by its absolutely convergent Euler product. Only
the principal £ contributes a pole at s = 1. After division by |Cla"], its residue is

Ressz1 CK(S) ( 1 >_1
ko, = —— 2 J[(1+=] >0
TTUIOG ek (@) e\ N

For a fixed smooth compactly supported function W on (0, 00), Mellin inversion and a shift
to Rs = 1/2 4 ¢ now give

> W(Na/X) = ko, X /O h W (t) dt + O q e (X2, (2.6)

GEQ+

Here the fixed Hecke L-functions have polynomial growth on vertical lines, and the Mellin
transform of W decays faster than every power. No hypothesis on zeros is needed for this
smoothed count. Smooth majorants and minorants of 1j; 5 can have integrals arbitrarily
close to one. Applying the last estimate to them gives #{a € 24 : X < Na < 2X} ~ ko, X,
proving positive density. O

The use of a ramified fixed character is deliberate. For example, positive fundamental
discriminants d = 5 (mod 8) satisfy x4(2) = —1. A fixed congruence class alone would
therefore not give nonnegative local terms in the averages below.

We henceforth fix the component Q2 = Q4 and put ¢q = ¢. We refer to it as the positive
component. The property we shall use is

£9)>1 = x«t)=0 (a€Q). (2.7)

The construction gives a fixed twist of the principal-ideal characters in [22, Section 2]. We
need no extension to a family indexed by every squarefree ideal.

We use kq for the constant in (2.6). Under GRHg the sharp count has the same error
exponent:

H#UX) = kX + O 0. (X/279). (2.8)

To see this, apply truncated Perron inversion to (2.5). For every fixed §,n > 0, GRH bounds
its numerator by O qs,((1 + [t])7) uniformly for 1/2 +6 < Rs < 2 and [t| > 1. See [24,
Section 5.7]. For the principal character the pole at s = 1 is kept as a residue, so this bound
is not asserted near that pole. On the new vertical line fts = 1/2 + 6 < 1, the compact part
|t| <1 is bounded separately. The inverse denominator is bounded throughout the strip by
absolute convergence. The coefficient of n~* is bounded in modulus by the number of ideals
of norm n, which is at most dg,. (n) <k, n". Replace Y by a half-integer with the same
integer part, and take the Perron height 7 = Y? and the initial line ®s = 1 + 1/log Y. This
replacement preserves the summatory function, since ideal norms are integers, and changes the
residue main term by only Ok 4(1). The truncation error is O q,(Y'™/T), with a logarithm
absorbed into Y. Shifting to Rs = 1/2+6 contributes O(Y /20T log T+ Y 1T~147). For
0 < e < 1/2 take 6 = /4 and n = ¢/16. Then ¢ + 2n < ¢ and all these errors are
Oquyg(Yl/ 2+€). Larger ¢ follow from this range. The principal pole gives the residue already
computed, and subtracting the counts at 2X and X proves (2.8).



EXTREME VALUES OF QUADRATIC HECKE L-FUNCTIONS 9

For (n,S) =1 put

) =] N;\Ii - (2.9)
pln

This factor is the density correction for requiring a squarefree index to be coprime to n.

3. AVERAGES OF CHARACTERS

Square arguments contribute the main term in the character average. For nonsquare
arguments, reciprocity gives a nonprincipal character in the family index, to which we can
apply GRH. Since the argument ideal need not be principal, we construct this reciprocal
character on a ray class group. Its conductor bound supplies the required uniformity.

Fix an integer Jy > 2dx + 10. For a smooth function w supported on [X,2X], define

lwllx = X7 ol
5=0

This norm allows the weight to vary with terms in an approximate functional equation.

Proposition 3.1. Assume GRHg. Let w be smooth and supported on [X,2X]|. Write
n = non?, where ng is squarefree, and assume (n,S) = 1. For every fized 0 < e < 1/2,

S w(Na)xa(n) = rohic(n) 1o /0 () dt

pres! (3.1)
+ Oce (ol x X4 Fe(no) Ge(m) )
where the conductor and coprimality factors may be taken as
(i) F:(ng) = exp{Cxc(log(2 + Nng))' ~¢};
(i) Ge(m) =TT (1+ (wp)2/27272).
pln1
Proof. Let H be the kernel of the natural homomorphism Claﬁm — Cl;’. Each class in H

is represented by a principal ideal («), coprime to qng, with « totally positive and o« = 1

(mod q). Set
poo(()) = ][ <§> : (3.2)

plno
where the factors are quadratic residue symbols in the residue fields. The primes involved
are nondyadic. Changing the generator multiplies it by a square, by (2.4). Changing the
representative within its qng-ray class multiplies it by an element congruent to one at every
prime of ng. Thus (3.2) is a well-defined character of H.

A character of a subgroup of a finite abelian group extends to the whole group. Choose
such an extension to Cl;fno and retain the notation pn,. For ng = (1) choose the principal
extension. The extension has finite order, but need not have order two. This is why we
assume GRH for all finite-order Hecke characters.

Its finite conductor divides qng. The extension to the narrow ray class group may carry
an archimedean sign type, but there are only finitely many such types (depending on K).
They are absorbed in the constants below and do not affect the finite-conductor divisibility.
We also need ramification at every p | ng. Choose a totally positive a congruent to one
modulo ¢ H[|n0, (£p [ and to a nonzero nonsquare modulo p. The Chinese remainder theorem,
followed by addition of a sufficiently large positive rational integer in the modulus, gives such
an a. The class of («) becomes trivial when p is removed from the ray modulus, whereas
Pno((@)) = —1. Every extension is therefore ramified at p, and

Il() ’ fﬂno ’ qno'
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Let 1), denote the character of K (\/aq)/K. For (a,n) =1 we have wy = ¥q¥q, and
Xa(n) = 1a(n)pny (a). (3.3)

Here 14(n) denotes its ideal value. Since (a,n) = 1, every prime p | ng is unramified in
K(\/aq)/K. The unramified quadratic local Artin character evaluates on a uniformizer as
the quadratic residue symbol, so
Qq
11/} a(‘p) = <> °
* p

This identity is independent of whether one uses arithmetic or geometric Frobenius, since the
value is in {41} and hence equals its inverse. The square part n? contributes one. Hence

oa() =TT (%) = pulo)

plno

where the last equality follows because the class of a in Cl$10 lies in H (it is principal with
a totally positive generator congruent to 1 modulo q), and the chosen extension py, restricts
to (3.2) on H. This proves (3.3). If (a,n) > 1, the character value is zero by (2.1). In the
nonsquare case the factor 14(n) is independent of a and has absolute value one, so it may be
suppressed in the error estimate below. In the square case it equals one.

Insert (2.2). For each ray character £ put p = £pyn, and let T' consist of S and the primes
dividing n. The required Dirichlet series is

o« @) LT(s,p)
D&,n(s) = (a%:l K(Na)s - LT(2s,p2)

Here L7 (s, p) denotes the primitive Hecke L-function inducing p, with all Euler factors in
T omitted. The same convention is used for p?, whose primitive conductor can be smaller.
For Rs > 1/2, the Euler product for 1/L7(2s, p?) converges absolutely and locally uniformly.
Thus it is holomorphic there, and the only possible pole of Dy ,, in this half-plane comes from
a principal numerator at s = 1. In particular, no zero-free estimate on the line 1(2s) = 1 is
needed. If p? is principal, then

LT (2s,p%) = Cre(29) [T (1 = (Np) ™),
peT

L k(s 1/2)

LT(2s,p?)
near s = 1/2. The pole of this denominator therefore gives a zero of its reciprocal, not an
additional residue. The contour below stays strictly to the right of this point. If ng # (1), then
p is ramified at every prime dividing ng: multiplication by &, whose conductor is supported
on S, cannot remove that ramification. Thus p is nonprincipal. If ng = (1), then p = ¢, so
only the principal ray character can contribute a pole at one.

We estimate the same shifted integral in both cases. For a nonprincipal primitive character
inducing p, the standard Littlewood bound under GRH in terms of the analytic conductor
implies, at s = 1/2 + ¢ + it,

(log C(p,t))' >
loglog(3 + C(p,t))’
with the harmless convention that the denominator is bounded below by a positive constant.

Since C'(p,t) <0 Nf,(3+[t))% and f, | qno, enlarging C . gives the coarser bound needed
here,

log |L(s,p)| <k

IL(1/2 4 e+ it, p)| <k, (1+[t])Fx(no).
Indeed the conductor part is dominated by (log(2 + Nng))! =%, while the height contribution
is o-(log(2 + |t|)) as |[t| — oo. It is therefore at most log(2 + |t|) + Ok (1), which justifies
the displayed linear factor rather than an unspecified power of the height. If p is principal,
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its primitive function is the fixed (x: the same bound on this shifted line follows from the
corresponding Littlewood estimate at large height. The remaining compact part of the line
avoids its pole and is bounded with a constant depending only on K,e. Its pole at s = 1
is handled separately by a residue. See [24, Section 5.7]. The local parameters of these
finite-order Hecke functions have modulus at most one, so the required Ramanujan bound is
automatic.

To keep the dependence on ny explicit, first omit only the primes in S and those dividing ny.
The inverse denominator is uniformly bounded by the convergent product [, (1+ (Np)~1=29).
In the numerator, primes dividing ng are ramified, and the finitely many primes in .S cost a
fixed constant. Removing an additional prime p | n; not already in SU {p : p | ng} multiplies
this squarefree Euler product by (1 + p(p)(Np)~%)~1. For all sufficiently large P = Np,
depending only on ¢,

|1 +p<p)P75|71 < ﬁ <1 +P*1/275/2'
Only finitely many smaller primes remain. Their product is bounded by a constant depending
on K and . Consequently

|D§m(1/2 +e+it)| g e (14 [t])Fe(no)Ge(ny).

Let @(s) = [;° w(u)u*"! du. Integration by parts Jy times, after the substitution u = Xv,

gives
[@(0 +it)| < [wllx XT(L+ )™ (1/2<0<2).

For each fixed n and p, the standard vertical-strip growth estimate for the numerator, and the
absolutely convergent inverse denominator, give Dy (v +it) = O no((1+]t])%T2) uniformly
for 1/24+¢e < v < 2 and [t| > 1. The finitely many removed Euler factors are bounded
throughout this strip. Since Jy > 2dx + 10, the horizontal integrals tend to zero. Mellin
inversion and a contour shift from $s = 2 to Rs = 1/2+-¢ therefore give the stated error, using
the uniform bound on the new vertical line. The constants used only to let the horizontal
integrals vanish need not be uniform in n. When n is a square, the principal residue from

(2.6) is multiplied by
1\"!
1+ — =h .
11 ( i Np) £l

pln
In this case 14(n) = 1. When n is not a square, there is no pole. These are exactly the two
main terms in (3.1). O

The error factors permit very large ideals when their prime divisors are small. The following
form is convenient for the resonators below.

Lemma 3.2. Fiz By >0 and 0 < & < 1/2. Suppose n = uv satisfies
(i) Nu < xBo;

(ii) every prime divisor of v has norm at most z < (log X )'*¢/4,

Writing n = nons with ng squarefree, we have uniformly
log{Fx(no)G=(m)} <k 5y (log X)' /% = o(log X).

In particular the product is X°W) | with one bound for all such u, v, irrespective of the prime
multiplicities in .

Proof. The prime ideal theorem gives ZNPS . log Np <k 2. Hence
logNng < Bylog X + Ok (z),
log F-(ng) <r,p (log X + 2)' ¢ < py - (log X)1 /2.
The last inequality uses (1 4+¢/4)(1 —¢) <1 —¢/2.
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Put a = 1/2 + /2. The primes coming from v contribute at most

N - < 7 7a . N
N%z( P <k log(2 + 2)

l1—a

= o(log X)

to log G.(n;). For the primes dividing u, split at y = log X. The primes of norm at most y
contribute Ok . (y'7%/logy) by partial summation. There are at most Bylog X/logy prime
divisors of norm greater than y, since their product divides u. Their contribution is at most

Bplog X _ (log X))t
Since (1+¢/4)(1—a) < 1—¢/2, these estimates also bound log G (n1) by Ok 5, ((log X)'~%/2).
Combining the bounds proves the asserted uniform estimate. O

4. THE APPROXIMATE FUNCTIONAL EQUATION AND BOUNDS UNDER GRH

The resonance argument uses two analytic facts. We need an approximate functional
equation whose weights are nonnegative. We also need a uniform upper bound to turn a
weighted lower bound into a count of characters. We prove the central and shifted versions
together.

Let 71 and ro be the numbers of real and complex places of K. For a € Q, put

Qq = | Dk |Nfq, vi(s) = W_Tls/Q(QTF)_TQSF(S/2)T1F(S)T2.
Here Dy is the discriminant of K. The omitted constant in each complex gamma factor
cancels in every ratio below. Since the characters have trivial infinite type, their completed
functions are
Als, Xa) = Qv () L(s, Xa).
We record explicitly why this normalization has root number +1. Put L, = K(v/da,). The
conductor—discriminant formula for the nontrivial quadratic Artin character gives

|Dr,| = | D [*Nfa.
Moreover day is totally positive, so every real place of K splits in Ly. Consequently the
quotient of the archimedean factors of (1, and (x is precisely vk (s) (up to the harmless
s-independent constant allowed by the standard choice of complex gamma factor), while the
quotient of the conductor factors is Qi/ 2. Artin factorization therefore identifies A(s, Xa), up
to such an s-independent positive constant, with the quotient of the completed Dedekind zeta

functions of Ly and K. Since both Dedekind zeta functions satisfy functional equations with
sign +1, the constant cancels and

A($7 Xa) = A(l - S, Xa)~
The character is nontrivial, and the completed primitive Hecke L-function is entire. Thus
no pole is crossed in the contour shift below except the pole of 1/z at z = 0. These are the
standard functional-equation facts for quadratic Hecke characters. See [24, Chapter 5].

Lemma 4.1. Fiz 0 < dg < 1/4. For |0| < o, define ss =1/2+ 6 and
1 d
VK75(£U) = / wx—zi’ c>0, (4.1)
2mi Jioy v (ss) z

where f(c) means integration upward along Nz = c. The value is independent of the particular

¢ > 0 by contour shifting inside the half-plane before the first gamma pole. Then the following
assertions hold.



EXTREME VALUES OF QUADRATIC HECKE L-FUNCTIONS 13

(i) For 0 <6 < 4o,

L(55. xa) Xa(t) Vm( Nt )
s Aa - NE)S(; ’ /Qa
Xa(E) ( Nt )
+Y, AN Vo , 4.2
a,ég (Nf)l_‘% K, 1) \/Q7a ( )
where (12
7K
Q 6W > 0. (4.3)
(ii) The kernels take values in [0,1]. For 0 < p < 1/2 — &y, uniformly in |6| < do,
VK’(;(:C) =1+ OK7507p(xp), O<x<1. (4.4)
For every integer 7 > 0 and every B > 0,
(2 ) Vi s(2)| <5058 (1+ )75, (4.5)

In particular, if Vi = Vi o, then

L(1/2.x:) = ZX“ « (o) (4.6

Proof. The contour argument is the usual approximate functional equation [24, Section 5.2].

The central rational-field instance appears in [33, Lemmas 2.1-2.2, pp. 455-456]. We give the

calculation because the positivity and uniformity of the shifted weights will be used later.
Choose ¢ > 1/2 + §y and set

1 A(ss + 2, Xa) dz

2mi Je) Q% (s5) 2
Move the line to 2 = —c¢. The gamma factors decay exponentially, whereas the Hecke
function has polynomial growth in a fixed vertical strip. Thus the horizontal integrals vanish.
Entireness leaves only the residue at z = 0. In the remaining integral substitute z = —w and
use the functional equation. The reversed orientation gives

Is = L(ss, Xa) — Ya sl s (4.7)

Both Dirichlet series converge absolutely on the right-hand lines. The dual Dirichlet series
normally contains the contragredient character. Here x, is real quadratic, so Xq = Xq. Ex-
panding the two integrals therefore gives (4.2).

To see why the weights are positive, let s € [1/2 — &y, 1/2+ dp]. Take independent random
variables U; and Z; with respective densities t¥/2~1e™*/T'(s/2) and t>"'e™*/T'(s) on t > 0.

Put
T, = [[W;/=)' " [](2;/(2r))
=1 i=1

The gamma integral gives ET? = v (s + z)/vx(s). Mellin inversion, or Perron’s formula
applied inside this expectation, gives

Vics(@) = P(Ty, > ). (4.8)

The distributions are continuous. Consequently the identity holds for every xz > 0, and
0 < Vk,s(z) < 1. Moreover,

1= Vies(x) <a’ET " <k 27

since p < 1/2 — §y keeps all gamma arguments positive.

For = > 1, differentiate the Mellin integral and move its line to Rz = B + 1. Stirling’s
formula proves (4.5). For 0 < x < 1 and j > 1, the factor (—z)’ removes the pole at zero.
Move the line to Rz = —p. No gamma pole is crossed. The result is O(z”). For j = 0, the
probability bound suffices. All constants are uniform on the stated interval of 4. O

Is
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For the abundance argument, we need an individual bound with exponent o(log X). The
following estimate suffices.
Lemma 4.2. Assume GRHg. For every fized Ag > 0, uniformly in a € Q(X) and 0 < § <

AO/ 10g2 X7
10gX> _ Xo(l),
logy X

21/2+ 0.30)| < exp Cico
Proof. We use the logarithmic majorant of Soundararajan [35, Proposition, p. 984, and

Section 2]. The following calculation verifies it for our Hecke functions and shifts. Write
L(s) = L(s,xqa) and Q@ = Qq. Under GRH the nontrivial zeros are p = 1/2 4 iy. For real

u>1/2, let
F(u):z( u-172
P

u—1/2)24~2 7

where zeros are counted with multiplicity. Hadamard factorization gives
Ll
—%f(u) = 1log Q+ Ok (1) — F(u) (1/2 <u<1). (4.9)

Here the gamma logarithmic derivatives are bounded on the indicated real interval, and the
nonprincipal character contributes no pole.

Let > e*, A=1/logz, and 09 = 0 + A, where 1/2 < ¢ < 3/4. For ag = a9 — 1/2 > A,
each zero contributes

70 —-1/2 1 2 +92 A
/ : é 3 du=;log %—i_z 22*2610 :
e (u—1/2)2+~ 2 " (ap— A2+~ 2 af + 72
Indeed, a2 — (ap — A)? = A(2ag — A) > Aag, and log(1 +y) > y/(1+y). At a central zero
the integral is infinite and the eventual upper bound for |L(1/2)| is immediate. Otherwise all
endpoint assertions follow by a limit from the right. Integration of (4.9) therefore yields

A A
log|L(o)| —log|L(cp)| < B log Q — §F(00) + Ok (A). (4.10)

Let Ax(n) be the ideal von Mangoldt function: it is log Np if n = p/ with j > 1, and zero
otherwise. For real s > 1/2, apply Perron’s formula to —L'/L with kernel 2% /w?, initially
on Rw > max{0,1 — s}. The residue at w = 0 is —(L'/L)(s)logxz — (L'/L)'(s). A zero «
of multiplicity m, contributes —mqz® */(a — s)2. Shifting left along contours avoiding the
zeros, then dividing by log z and rearranging, gives

= 3 Al losta/No) | (/L) ()

L o (Nn)s log x log =
1 xrP—s
E . 411
+logxzp:(p—s)2+ K (s, x) (4.11)

There is no residue from a pole of L, since the primitive character is nonprincipal. The gamma
factors specified above give the trivial zero at —m, m > 0, multiplicity b,, = ro+711y),,. This
includes the zero at 0: the functional equation and L(1) # 0 show that the completed function
is nonzero there, so cancellation of the gamma pole is exact. Consequently

1 x—’u—m
Ex (ua .Z') = bm )
log © n%:o (u+m)?
e d v
[, et < i

Here o9 > 1/2 and = > e*, so the bound is uniform even as ¢ | 1/2. The residue formula
follows first with finite contours. The usual logarithmic-derivative bounds away from zeros
justify their limit, as in [35, Section 2].
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Take real parts and integrate from oy to infinity. The derivative term integrates to
—R(L'/L)(0¢)/logx, since L'/L(u) — 0 as u — oo. The nontrivial zero sum can be in-
tegrated termwise: » |og — p|=2 < oo for o9 > 1/2, and |u — p| > |o¢ — p| for u > o¢. Its
absolute contribution is at most

pl/2—u 21/2—00

gz Z/ oLl Py TP ERACCR

Using (4.9) only at op < 1 (not over the entire unbounded interval of integration), we obtain

log |L(oo)| <R > ()xa(n) log(z/Nn) | log Q

Neze Nn 9% ]JogNn logx 2logx
.%‘1/2 oo 1 O
— F 1). 4.12
T\ o= 1/20og a2~ Toga [ 1 100) + Oxll) (4.12)

Add (4.10). Writing y = (09 — 1/2)logx > 1, the positive part of the resulting
F(oq)-coefficient is e ¥/(ylogz) < e !/logz, while the two negative contributions
total —3/(2logx). Hence the coefficient of F(og) is at most (e™! — 3/2)/logz < 0.
This is exactly the A = 1 instance of the sign mechanism in Soundararajan’s majo-
rant, now with a shift starting at any o € [1/2,3/4]. The conductor contributions are
Alog Q/2 4 log Q/(2logx) = log Q/log x. Removing the nonpositive zero term gives
Ag(n)xa(n) log(xz/Nn) n log Q

log |L <
Og‘ ( | %N;x Nn o+1/logx log Nn ]()gx logw

+ 0k (). (4.13)

At a central zero the claimed upper bound is immediate. Elsewhere the endpoint o = 1/2
follows by a limit.
Take = = (log X)2. The prime ideal theorem and partial summation give
log X
logy X

1 €T
> FETE <K l(;/g; +logy z <k
(Np)i <z

Since Q <k o X, the conductor term has the same bound. For every fixed A, once log, X >
4 Ay the required interval o = 1/2+ A/logy X, 0 < A < Ay, lies in [1/2,3/4]. Every estimate
above is uniform on that entire interval. Only the threshold for X depends on Ag, while the
displayed constant depends on K, ). Exponentiation finishes the proof. O

For a fixed point to the right of 1/2, the ordinary short Euler product is more convenient
than the approximate functional equation.

Lemma 4.3. Assume GRHy and fix 1/2 < o < 1. For y = (log X)? with B sufficiently
large in terms of o, the following estimates hold uniformly on Q(X).

(i) If o < 1, then

log L(o, xa) = gggi + Oxo(1). (4.14)
Np<y
(il)) At o =1,
-1
s = T (1-%2) 01+ Ocallog X)), (1.19
Np<y

Proof. GRH and the explicit formula for a nonprincipal finite-order Hecke character give

Z Ag(n)x(n) <k tl/Qlog (Q(t—|—2)dK);
Nn<t
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see [24, Chapter 5]. Partial summation therefore makes the series for log L(o, x) converge for
o > 1/2, and bounds its tail by

% =0 _,log?(Q(y + 2)4x)
AU, (t)| g0y .
/y logt x )‘ logy

The identity with log L first holds for o > 1 and extends throughout o > 1/2 by analytic
continuation. Its branch is real on the real axis: L is positive for ¢ > 1 and has no zeros
for 0 > 1/2 under GRH. Choosing B large makes this tail O((log X)~!°). The terms with
prime-power exponent at least two have bounded total absolute value when o > 1/2, proving
(4.14).

At ¢ = 1 retain these powers. Completing the prime-power sums for Np < y
changes the logarithm by OK(y*I/ 3). Indeed primes with norm exceeding /Yy contribute

OK(ZND\/@(N;J)*Q) = O (y~/?). For primes of norm at most V¥, each geometric tail is at

most 2/y, and there are O (,/y) such primes. Enlarging B once more and exponentiating
proves (4.15). O

5. GAL SUMS OVER SQUAREFREE IDEALS

The resonator will contain many ideals, but its prime divisors must remain small. We also
need control of the products of four resonator ideals. We obtain both properties by choosing
only a few primes from each of several disjoint blocks.

For integral ideals m,n, write (m,n) for their ideal ged and [m,n] for their ideal lem. For
a finite set A of squarefree ideals and s > 0, put

o N(m,n)\*
Se(A) == > (N[m,n] ) :

m,ncA

The quotient in this kernel is the reciprocal of the norm of the symmetric difference of the
two prime supports. Define also
Eq(A) == #{(a1,a9,a3,04) € At ajagasay is a square}. (5.1)

This counts the terms that survive in the fourth moment of the resonator. If squarefree
products are identified with their support vectors, Eg is additive energy in a vector space
over Fy. We use the same definition for families of subsets of a finite set.

Lemma 5.1. Let P > 1 and 0 < J < P/2 be integers. Let A(P,J) be the family of subsets
of a P-element set having at most J elements.

(i) We have

En(A(P, 7)) < |A(P, J)A(J + 1)2exp <4J + 4"{2) . (5.2)

(ii) If the underlying sets of the factors are disjoint, then

En (H A(Py, Jk)) = [ Ea(A®Ps, i) (5-3)
h=1 k=1

Proof. For the count within one layer, let S; be the family of j-element subsets. If D has 2r
elements, the number of ordered pairs (A, B) € sz with AA B =D is

2r\ (P —2r
r j—r )
Indeed, r elements of D belong to A\ B. The rest belong to B\ A. Their common intersection

has j — r elements outside D. For odd |D|, or |D| > 2j, the count is zero. Pairing equal
symmetric differences therefore gives

s -3 (0) () (772
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For 1 <j < P/2, use
2r _ j—r AV
P<P’ 27“<4T’ R2T<P ’ P (P.])'
2r) = (2r)! r) jg—r ) = (G—r) J J!
Since —log(1 — j/P) < 2j/P, these inequalities imply

En(S;) 4 1 167( J—r) )?
|DSj|2 _( > 2 !

r=

J 47

v

S e P S e4]+4] /P

r=0
The same bound holds for j = 0.
The ball also contains quadruples from different layers. To retain these terms, work in

G = F¥ and define fle) = > sec f(x)(=1)¢. For subsets B, ..., By of G, Fourier inversion
and Holder’s inequality give

4
#{(x) €[], Bi - Xy = 0} = |G D [[ 159

£€G i=1

< HED 4,

Here |G|} >e 115(¢)|* = Eq(B). Expand the ball into its disjoint layers and apply this
inequality. Then
4

FolA(r. 1) = (3 pots) "
4
2/p i 1/2
< 64J+4J ’S]’
7=0
2
<e 4J+4J2/P J—|—1 Z|S’

This proves the first assertion. In a product of disjoint blocks, the square condition holds in
each block separately. Its count therefore factorizes, proving the second assertion. O

We next estimate the gain from one block. Two products in the block may share most of
their primes. The kernel then charges only the primes that differ. The following calculation
balances the number of such pairs against their weights.

Lemma 5.2. Let & have P elements, with weights 0 < w, < 1. Put
H .= Z Wp, W .= géély};wp, Sa(J) = Z H Wp.
peEY A,BEA(P,J) pcAAB
Suppose
1<r<Jj/2, J < P/3, (J+2r)W/H <1/2.
Then, with an absolute implied constant,
S (J) e? JH?
log ———~— >rl
AP =P
—O<7’(J+2T)W 72

f + 7 + i + log(r + 1)> (5.5)
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Consequently, if
r —> 00, r/J — 0, J/P —0, (J+r>)W/H — 0,

then, uniformly under these hypotheses,

S (J) 2] H?
log AP > rlog( P2 +o(r). (5.6)

Proof. Restrict the sum to pairs A = DUX and B = DUY, where |[D| = J—r, | X|=|Y]| =,
and D, X, Y are pairwise disjoint. We need a lower bound for the weighted choices of X and
Y after some primes have been excluded.

Let E be an excluded set with |E| < J + r. After j distinct entries have been chosen, the
total weight available for the next entry is at least H — (| E| 4 7)W. Thus the total weight of
ordered distinct r-tuples outside F lies between

r—1

[[(#-(EI+j)W) and H".

j=0
By the hypothesis (J + 2r)W/H < 1/2, every factor in this product is positive. Using
log(1 —x) > —2x for 0 <z < 1/2 gives the quantitative lower bound

Tt st ) = 1 (-0 (5200,

§=0
Dividing by r! gives the corresponding sum over unordered subsets. Apply this first with
E = D, then with £ = D U X. Since D has (JP ) possible values,

-

Sp(d) > <J1j r) {:2)2 exp <—0 (W)) .

Since J < P/3 and r < J/2, comparison of successive binomial coefficients and a logarithmic
expansion give

|A(Pa=])|§2<];>, (é;) > <;>Texp (—O <7:]2+Z;]>>

For the second bound, write the ratio as H;;(l)(J —J)/(P—J+j+1) and take logarithms.
Stirling’s formula now gives

logm > rlog% + 2rlog H — 2rlogr + 2r
r(J+2r )W 2 ]
— ———+ — + — +1 1) ).
O( 7 —i-J—i-P—i-og(r—i— ))
This proves (5.5). Under the asymptotic hypotheses of the lemma, every term in the error is
o(r), uniformly, and (5.6) follows. O

Proposition 5.3. Fix S. For every sufficiently large integer N, there is a set M of N
squarefree integral ideals coprime to S with the following properties.

(i) Its Gal sum satisfies

S1/2(M) > Nexp {(2 o),/ W} (5.7)

More generally, uniformly for A in any fized compact subset of [0,00),

_ log Nlogs N
S1/244/logy N(M) > N exp {(26 iy 0(1))\/ glogﬂg\f} . (5.8)
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(ii) Its prime support and square energy satisfy

Ypm 1= max Np < (log N)+o), (5.9)
plm
and
Ea(M) < N2+, (5.10)

Proof. The construction uses blocks of geometrically increasing prime norms. The number
of primes selected from the kth block decreases like k~2. This makes the logarithm of the
cardinality and the gain in the kernel depend on the same harmonic sum.

First fix 1 <u<e, 0 <y <1,and 0 < n < 1/2. Write T; = log; N for 1 < i < 4, and put
Ky = |T]. Let & consist of the prime ideals outside S whose norms belong to

(T Ty, P Ty, 1<k<Ky.
Set P, = | 2| and

._ —1/2 L -1/2
Hyi= 3 (No)™% Wi o= max(Np)~™!/2,
pPEPy
For fixed u and v, the block endpoints satisfy log(u*T1Ts) = Ts + o(Ts) uniformly for k < Ky.

Thus the prime ideal theorem (and partial summation) may be applied uniformly over all the
blocks, giving

Py = u*(u— 1)T1{1 + o(1)}, (5.11)
Hy, = 20" (u — 1)/T1 /To{1 4 o(1)}. (5.12)

Here the logarithm of every norm in a block is Tb 4+ o(T3). In particular, with A(u) =
4(y/u—1)/(y/u+ 1), we have

H?2  Mu)+o(1) Wi, uk

k
Sk A TR k= 5.13
Py T, Hj, <o (5:13)
For a fixed a > 0, put Jy(a) = [aT1/(k*T3)]. Let M(a) contain all products obtained by

choosing at most Ji(a) primes from each &%;. We claim that

log [M(a)| = (aylogu + o(1))log N. (5.14)

To verify the cardinality, first note the uniform estimate
L /p P J?
= 7 - < = . .
log;) <V> Jlog = +J +0 <log(J +1)+ P) (1<J, J/P=0o(1)). (5.15)

Indeed, (Jlje)/(];) < (J/(P — J + 1)) so the sum is (];)(1 + O(J/P)). Apply Stirling’s
formula to

J-1
P
log < > =Jlog P —log J! + Zlog(l —v/P).
J v=0
The last sum is O(J?/P), proving the estimate.
For our quotas,

Py
1 =kl 2logk + T4 + Oy q(1).
og 7o) ogu+2logk + Ty + Oy (1)
The first term provides the main contribution, since
al’ 1
Y kdila) = >~ +O(K%) = (ay +o(1)Th.
T k
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The remaining terms satisfy

Z Ji(a)(1 +logk) = Oyo(T1/T3) + o(T1),

kE<Kn
Ty Y Ji(a) = Oua(TiTy/T5) + o(T1) = o(T})
E<Kpn
> log(Jk(a) + 1) < KTy = o(T4)
k<Kpn
Jk
<<ua, Z k4 - 1
k<Kn k>1

Also K% = o(T}), so the floor errors are negligible. Summing (5.15) proves (5.14).

To bring the cardinality close to N, we adjust the quotas. Put ax = (1 £7)/(ylogu).
For large N, [M(a_)| < N < |[M(a4)|. Starting with the lower quotas, increase one quota
by one at each step, without exceeding the upper quotas. Stop before the cardinality first
exceeds N. Denote the resulting family by M., and its cardinality by M. Its quotas satisfy
Jk(a_) < Jk < Jk(a+), and

M <N, N/M<1+ max P, < (log N)"*°), (5.16)
k<K
For the middle inequality, a single quota increase changes the cardinality by at most

P P
Zj§J+1 (]) <14+ (J-H)
P i
< (5) (5)
We estimate the central and shifted kernels together. Fix Ap > 0 and let 0 < A < Ay.
Define

<1+ P

Hi(A) = Z (Np)~1/2=A/T: Wi(A) := max (Np)~ 1/2-A/Ts

PEFy
pPEPy
Since log Np = T, + o(T%) uniformly on the blocks,
Hy(A) = e "Hi{l +0(1)},  Wi(A)/Hp(A) = {1+ o(1)} W/ Hy. (5.17)
Thus a shift of A/T, multiplies the available weight in each block by e~ 4 o(1). Choose
—A
e o T

These values balance the gain from the weights with the cost of choosing different primes.
We check the hypotheses of the preceding lemma, uniformly for k¥ < Ky and 0 < A < Ag:

VT

min 7 (A) Puyndo T o 09
k T;Jr / VT3

ma e KTy
i U»'YJ%AO \/m

Ik
Ik 1
ml?x P Ly I3~ — 0,

(Jr, + 71 (A)*) Wi (4) utuh
Swoymdo pa T
Hy(A) KT k2ToTs
All four o(1) statements are uniform in k¥ < Ky and 0 < A < Ap. In particular, the
quantitative error in (5.5), divided by r;(A), tends to zero uniformly. Since ming r;(A) — oo,

— 0,

= o(1).
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summing the block errors therefore contributes

6) Z ri(A)

k<Ky
uniformly for 0 < A < Ag. Moreover, (5.13) and the lower quota bound imply
€2Jka(A)2 2
— > 1 1}
P > 1+ ol1)

The kernel factorizes across the disjoint blocks. Apply Lemma 5.2 and sum its logarithmic
bounds to obtain

S1 2441 (M)

log i > (2+0(1)) k;{:N ri(A)
- (26—A v(1 - n)i)(;i + o(1)> TITZ?’. (5.18)

Here > ;o\ 1/k =~T5 + O(1), and the total floor error O(Ky) is o(y/T175/T3).

To obtain exactly N ideals, first double the cardinality as often as possible using new prime
divisors. Put h = |log(N/M)/log2|. By (5.16), h = O(T»). Choose distinct prime ideals
qi,-..,qp outside S and the original blocks, with norms at most T, Ok The prime ideal
theorem supplies these primes below the ﬁrst block. Let Cj be the set of divisors of their

product, and put M; = C,M,. Then N/2 < |[M1| < N. For every s > 0,

Ss(ch) o i —s

/=1

and disjointness of the supports gives
Ss(Mh) _ Ss(Ch) Ss(M.) > Ss(My)
| M| |Ch| M = M
Now add unused elements of M(a) until the cardinality is N. There are enough: the
auxiliary cube uses primes disjoint from all original blocks, so M(ay) N M1 = M,. Hence
the number of available new elements is |M(a4.)|— M > N — M, whereas at most N — | M| <
N — M elements are needed. Call the completed set M. Positivity of the kernel yields
Ss(M) _ [Mi] Ss(Mi) 1 S5(M.)
N — N My 2 M
Thus completing the cardinality costs only a bounded factor.
We must also check that the completion has small square energy. Lemma 5.1 gives

(5.19)

Eo( J 2
g HD < 3 (st + 20 togtntan +1)
| k<K k
Lu,y,n Tl/T3 + TI/T32 + KNTy = O(Tl)' (520)

All quotas are at most Py /2 for large N, as the lemma requires. Every element of M belongs
toU = CpM(ay). The full cube Cj, has square energy 2%": three entries determine the fourth.
Therefore
Eo(M) < Eqg(U) = 23" Eq(M(ay)) < N¥F2ntol),
We used 2" < N/M < (log N)'*°() and [M(a)| = N1Hoto(d),
Finally, let the fixed parameters approach their limiting values by diagonal selection. For
each integer 7 > 3, take
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All estimates above hold for these fixed parameters, uniformly for 0 < A < j. More explicitly,
for each fixed j every o(1) occurring in the block estimates may be chosen so that its supremum
over 0 < A < jand 1 < k < Ky tends to zero as N — oo. Thus one may choose a
single threshold N; which works simultaneously for all these parameters. Choose increasing
thresholds N; so that, for N > Nj, every normalized error is at most 1/j, and Eq(U) <

N2t5/7 We may also require

log9 1

o G IRl
k<Kn

for each fixed j, the sum in parentheses is O;(log N/logs N + logy N) = o(log N). This

additional condition records the degree bound used in Remark 5.4. On N; < N < Nj;1 use

the jth construction. Since A\(u)/logu — 1 as u | 1, the coefficient in (5.18) tends to 2e~4,

uniformly on every fixed compact A-interval. This proves (5.8) and its case A = 0, namely

(5.7). The energy bound follows from j = j(NN) — oco.

The largest norm in an original block is at most u]KN T, Its logarithm satisfies

log(uf ¥ Ty T) Ty Ky+1 1

J 3 N

15 15 31s ( ) J

The auxiliary primes have smaller norms, proving (5.9). All ideals are squarefree and coprime
to S by construction. O

Remark 5.4 (Energy and hypercontractivity). For a finite nonempty set A of squarefree ideals,
put
A(A) =max#{p : p | m}.
meA

Let z, be independent uniform signs indexed by the union of its prime supports, and define
Fy(x) = Z H Tp.
meA plm

This multilinear polynomial has degree at most A(A). Orthogonality of the sign monomials
gives

EF% = |A], EFi=Eq(A).
Bonami hypercontractivity [31, Theorem 9.21, with ¢ = 4] states that || F4|ls < 32WA/2||F 4.
Consequently,

En(A) < 98|42, (5.21)
For the completed set in Proposition 5.3,
n2ay log N
A <h J <h .
(M)sht D, Jilay) Sht = 0ms

k<Kn
The thresholds chosen above ensure A(M) = o(log N), so (5.21) also proves Eg(M) <
N2+o() directly on the completed set. Thus the energy estimate is a consequence of sparsity.
The separate block and truncation estimates establish that this sparsity is compatible with
the required Gal gain, prime support, and approximate functional equation. Lemma 5.1
provides a self-contained combinatorial route to the energy bound used in the proof.

The approximate functional equation only sees pairs whose symmetric difference has
bounded norm. The next lemma shows that these pairs already carry the required G&l mass.

Lemma 5.5. Fiz e > 0, and let M be supplied by Proposition 5.3.
(i) If N < XY4, then

N(m,n) /log N logs N
> _— ).
g N[, = Nexp{(2+0(1)) og, N
m,neM

N[m,n]/N(m,n)<X*®
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(ii) Suppose N = XPto) where 0 < B < 1/4 is fived. Uniformly for A in any fizved
compact subset of [0,00),

N(m,n) 1/2+A/logy X
>, (ma)

m,neM
Nfm,n] /N (m,n) < X

_ log N logs N
> A / _
> N exp {(26 +o0(1)) Togy N }

Proof. For an omitted pair put d = N[m,n]/N(m,n) > X°. Then d~/2 < X~%/64-1/3, Fix
m and enlarge the sum over n to all squarefree products of primes with norms at most y.
At each prime, the two choices contribute 1 + (Np)*l/ 3. regardless of whether p divides m.

Hence

Soaf< I 4+ (N0 %) < exp{Ox (13}

neM Np<yam
By (5.9), the total omitted central mass is at most

NX /% exp{(log N)¥/3+°(D} = o(N)
in either range for N. Indeed N < X'/4to(1) in the applications here, so (log N)?/3+e(1) =
o(log X) and the exponential factor cannot offset the fixed power X —¢/6_ The omitted shifted
mass is no larger. Subtracting this bound from (5.7) proves the first assertion.
For the second, put Bx = Alogy, N/log, X. Then Bx = A + o(1) uniformly for bounded

A, and Bx/logy N = A/logy X exactly. Apply the compact-uniform estimate (5.8) with Bx.

Since e Bx = ¢4 4 0(1), its main term is the one asserted above. Subtract the same o(N)
tail to finish the proof. O

Fix one set M from the proposition for every sufficiently large N. The two bounds in its
second assertion can be recorded with one function. Define

logym . log En(M) 5
"logg N7 logN '
Then w(t) — 0, and the chosen sets satisfy yy < (log N)'H*W) and Eg(M) < N2He0),
These are the uniform bounds used in the fourth-moment argument.

w(t) := sup max {0 (5.22)

N>t

6. LARGE VALUES NEAR THE CENTRAL POINT

We prove all three assertions of Theorem 1.1 together. The same argument covers the
central point by taking A = 0. The resonator assigns extra weight to characters whose values
agree on many small prime ideals. The GAal sum measures the resulting gain in the first
moment. A fourth-moment estimate then shows that this gain cannot come from too few
characters.

Fix a nonzero function W € C¢°((1,2)) with 0 < W < 1, and put

Iy = / W(t) dt > 0.
0
For a finite set M of ideals, write

R, := Z Xa(m).

meM
These sums are real because the characters are quadratic.

Lemma 6.1. Assume GRHy. Fiz 0 < 8 < 1/4, and put N = | X?|. Let M be an N-element
set of squarefree ideals coprime to S. Suppose that a fized function w(t) — 0 satisfies

ypm < (log N)M N En(m) < N2,
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Then
> W(Na/X)|Ro|* <x0w,s XN?TW. (6.1)
acf)
Proof. The fourth power counts quadruples of resonator ideals. The character average distin-
guishes those whose product is a square. Since |Rq|* = Rﬁ, Proposition 3.1 gives

> W (Na/X)|Rq|*
ael
= kolwX Z hy (mymomsmy) + O (X1/2+5+0(1)N4> ) (6.2)

my,...,mgEM
mimomgmy=0L]

Here Lemma 3.2 applies with u = (1). Indeed, for every fixed £ > 0, the support hypothesis

gives ya < (log X)'+¢/% once X is large. The integral main term is at most kol X Eo(M),
since 0 < hx < 1. Choose 0 < € < 1/2 — 28. The error divided by X N? is

0 <X71/2+5+o(1)N2) -0 <X71/2+5+26+0(1)) — o(1).

The assumed energy bound now proves the lemma. O
Proof of Theorem 1.1. Fix Ag > 0 and 0 < 8 < 1/4. Throughout the proof, 0 < A < Ay and
A 1
N =|x” 6= —— =494
(X7, g, X 72 +

Take M from Proposition 5.3, with the common support and energy bounds in (5.22). Define

So:=» W(Na/X)R;,  Si(A):=> W(Na/X)L(s, xa)Rz.
aell acl
Write S; = S1(0) at the central point.
For squarefree ideals m, n, their product is a square if and only if m = n. Expand Sy and
apply Proposition 3.1 and Lemma 3.2. This gives

So = rolw X Z hK(mZ) +0 <X1/2+6+0(1)N2> .
meM
We fix 0 < ¢ < min{1/4 — 3,1/4} for the rest of the moment calculation. Since hx < 1, we
obtain
So < (kalw + o(1)) X N. (6.3)

The first moment contains a second ideal sum from the approximate functional equation.
Its weights must retain their decay when we apply the character-average error bound. For
t > 0, put

Q(t) := |Dg|Neq t.

The two test functions in (4.2) are

Wiy 4 (1) = W/ X)Vics <m> ,

Q(t)
o —57x(1/2 - 9) Al
wex,(1) = W(t/X)Q(t) 67}((1/2 Tg) Ko ( Q(ﬂ) .

For large X, we have 0 < § < §g < 1/4, where 0y is fixed. Differentiating N€¢//Q(¢) multiplies
its logarithmic derivatives by fixed powers of t~1. Moreover, t7(d/dt)’Q(t)~® = O;(X~°) on
[X,2X], uniformly in this range of §. Thus (4.5) gives, for every fixed B > 0,

Hw;,_X,AH*,X <xwa.p (1+Ne/VX) B,
Hw{*_,X,AH*,X <K,W,A0,B X*‘s(l + NE/\/?()*B,
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The ideal-counting bound #{¢: Nt < ¢t} <) t and partial summation imply

> (N1 +NE/VX)F < p X2 (1/4<a<3/4,B>2).
¢
Consequently,
Z(NE)_1/2_6||7~U;XA||*,X < XVATOR < x4, (6.4)
¢
and
Z(NE)_1/2+6HU)E_XAH*,X <<X—5X1/4+5/2 < X1/4. (65)
4
These estimates concern the seminorms themselves, so they apply directly to the errors in
Proposition 3.1.
We may first truncate both ideal sums at N < X?2. Indeed, the decay estimate with B
sufficiently large gives

3 (Ne)TV2(1 4 Ne/VX) TP « X B/2H20/240-8),
Ne> X2

Since #Q(X) < X and |Ry| < N, the contribution of these tails to Sy (A) is O(X~109) after
increasing B. For the remaining ideals, Lemma 3.2 applies with u = € and v = mn, taking
By = 2. More explicitly, if tmn = [y [% with [y squarefree, there is a constant Cx . such that

sup Fr(lp)Ge(l) < exp{Ci . (log X)'75/2} = x°W),

NE< X2
m,neM

This bound uses only the common prime support of M, so it also holds uniformly when M
varies with 0 < A < Ay. It can therefore be taken outside the whole truncated ideal sum
and both resonator sums before applying (6.4)—(6.5). The same bound, with u = (1), applies
to all products of two or four resonator ideals in Sy and the fourth moment. No assertion
of uniformity over the untruncated £-sum is needed: its tail was bounded absolutely above
before applying character orthogonality. Terms divisible by a prime in S vanish by (2.7).
Equations (6.4) and (6.5) therefore bound the combined character-average error by

Ok.ow e (X3/4+€+0(1>N2) — o(XN). (6.6)

The last equality uses ¢ < 1/4 — 3.

Both square-diagonal main terms are nonnegative. This follows from the positivity of the
kernels, the dual factor (4.3), and hg. In the first main term, retain, for each pair m,n € M,
only

_[m,n]
~ (mn)’
This choice makes tmn = [m,n]? and gives the weight

= (Nm)

It is therefore exactly the kernel in the moving Gal sum. The support of tmn lies among primes
of norm at most ypq. The prime ideal theorem and partial summation give ZNpgy(NP)_l <
loglogy + Ok (1) for y > 3. Using log(1 + u) < u, we obtain

hic(bmn) > [T (14 (Np)™) ™" = exp{~Ok (logs N)} = exp{—0(V(N))}. ~ (6.7)

Np<ym
p¢S

Retain only pairs for which Nt < X¢. Since € < 1/2, (4.4) gives

/sz wixa(t)dt = X Iy (140 (x 70279
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for any fixed 0 < p < 1/2 — §p. Lemma 5.5 supplies the sum of their weights. Since
V(N) = (v/B + 0(1))V(X), we conclude that

S1(A) > X N exp{(2¢~*/B + o(1))V(X)}. (6.8)

At A = 0, both approximate-functional-equation sums are equal. Keeping both gives the
more precise central estimate

S1 > 2kl XN exp{(2 + o(1))V(N)}. (6.9)

All error terms above are uniform for 0 < A < Ajg.
The lower bound for S;(A) is positive, so Sy > 0. Its quotient by Sy is a weighted average
of the real values L(s, xq). Hence

S1(A)

L > > —A
e L(s,Xa) 2 —g— > exp{(2e VB A+ o(1)V(X)}.

For every fixed 8 < 1/4, this holds uniformly on [0, Ag]. Given any 7 > 0, first take 3 close
enough to 1/4 that 2,/3 > 1 — 7, and then take X sufficiently large. The following choice
realizes the displayed o(1) as a single function of X. If one takes a sequence §; T 1/4 and
chooses increasing thresholds on which the estimate for §; is uniform in 0 < A < Ay, the
resulting piecewise-constant choice gives a coefficient e=4 + 0(1) uniformly on the compact
A-interval. This proves the maximum assertion, including its uniformity.

For abundance, fix 0 < ¢ < 1 and choose

2
CZ <B< %. (6.10)
Let
Hae(X) = {a € QX): L(s, xa) 2 € V(X)}

Outside this set, the first moment contribution is at most e x )Sy. This upper bound
also holds for negative L-values. By (6.3), we have Sy < CX N with a fixed constant C. The
discarded contribution divided by the lower bound in (6.8) is therefore at most

Cexp{—[e™4(2/B — ¢) + o(1)]V(X)} = 0(1)
The gap is bounded below by e~ (2f —c¢) >0, s0 thls estimate is uniform in A. It follows
that
> W(Na/X)L(s, xa)R2 > XN exp{(2¢*\/B + o X)) (6.11)
a€Ha,(X)
Put Uk (X) := exp{Cklog X/logy X}, as in Lemma 4.2. The L-values on H4 (X) are
positive and at most Uk (X). Cauchy—Schwarz and Lemma 6.1 give

> W(Na/X)L(s, xa) R
acH 4, (X)
1/2

1/2
<U(X)| D). WENa/X) (Z W(Na/X)\Ra\‘*)
ac€Ma,c(X) acQ
K Uk (X) #Ha(X)V2X V2N xoW),
Comparing this with (6.11) and squaring yields
#Ha(X) > XUk (X) 72X W exp{(4e /B + 0(1))V(X)} = X170,
Here both log Ux (X) and V(X) are o(log X ). In particular
log (Uxe(X)~2 exp{O(V(X))}) = o(log X),

which justifies absorbing all remaining factors into X°(!). This proves the second assertion,
uniformly on [0, Ag].
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Finally, we choose one threshold approaching the endpoint. For j > 1, put
3 1 1
ji=1-— === —.

K TR AT
Writing v = 1/(105), we have CJQ- —48; = u(9u — 2) < 0. The fixed-parameter abundance
estimate therefore applies to (c;, 5;). Choose an increasing sequence X; — oo such that, for
all X > X; and 0 < A < Ay, it gives #Ha,(X) > X171/, For X; < X < X1, define
3
105
Then 74,(X) — 0, and the asserted count is at least X'~1/7 = X1=°(1) uniformly on [0, Ag).
Notice that this argument produces one sufficiently slowly decreasing function n4,. It does
not assert the conclusion for an arbitrary prescribed function n(X) — 0, nor does it give
an effective decay rate. Taking Ay = 0 gives the central endpoint statement with n(X) =
1o (X). a

Na,(X):=1—-¢; =

7. GLOBAL FUNCTION FIELDS

Let C/F, be a fixed smooth, projective, geometrically connected curve, where ¢ is odd,
and put F' = F,(C). Write g¢ for its genus. All constants in this section may depend on this
curve and on the fixed place chosen below. The fixed local condition determines the family
in which we prove the prime average. With this estimate, the resonance argument uses the
finite block calculation from Section 5.

7.1. The family and its prime averages. Choose a place co of odd degree d.,. Such a
place exists by the prime-divisor theorem [32, Theorem 5.12]. Put

o =T(C\{oc},0c),  S={oc},  hy=][Cli(F)

The ring o/ is Dedekind, and its units are IFqX. We identify its prime ideals with the places
different from co. If a = ], pg¥ is a nonzero integral ideal, define dega = )" e, degv and
la| = ¢¢&°. Thus sums over ideals are sums over effective divisors away from oo.

Fix a uniformizer wey,, and define the leading coefficient

sano(f) = fon = e F (feFX)

Since d is odd, a constant is a square in this residue field if and only if it is a square in F,,.
For degrees

n=ds(2r+1), r >0, (7.1)
let Qr(n) be the principal prime ideals of 7 of degree n. For P € Qp(n), choose a generator
mp with

n
(myp) =P - -—00,  sgny(my) EF . (7.2)

Multiplication by a nonsquare constant changes the square class of the leading coefficient.
Two generators satisfying this condition differ by a square constant. Hence the quadratic
extension F'(,/my)/F is well defined. Let xq be its nontrivial Artin character. Its coefficients
at ramified places are defined to be zero.

This normalization serves two purposes. It fixes the ramification at oo, and it makes
evaluation at a fixed ideal into a ray class character of the varying prime. The latter property
gives an error depending only linearly on the degree of the fixed ideal.

The following prime estimate for geometrically nontrivial characters gives the family count
without using the later orthogonality proposition.
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Lemma 7.1. Let 0 be a geometrically nontrivial finite-order idele class character of F'. Then,
uniformly forn > 1,

n/2
30 <5 u +defbf9)q . (7.3)
degP=n

RUZES
Proof. The complete L-function of 6 is a polynomial of degree Dy = 2gc~ — 2+ deg fy. See [32,
Theorem 9.24A, p. 141]. To invoke Weil’s theorem in a manifestly geometric form, choose a
degree-one divisor D whose support is disjoint from the conductor and put 0=0 6(D)~ dez,
We do not require a degree-one place: by the prime-divisor theorem, for all sufficiently large
m there are places P, and P41 of degrees m and m + 1, and they may be chosen outside
the finite conductor. Then D = P,,+1 — P, has degree one. The twisted character agrees
with @ on degree-zero idele classes and satisfies a(D) = 1. Every idele class of degree m is
the product of a degree-zero class and D™, so the image 0f~5 equals its image on the degree-
zero subgroup. Thus the cyclic extension associated with 6 has no nontrivial constant-field
quotient and is geometric. See [32, Proposition 9.22]. Its character remains nontrivial. This
conclusion concerns the twisted character: geometric nontriviality alone need not make the
original cyclic extension geometric before removal of its degree component. Therefore Weil’s
theorem [32, Theorem 9.16B, p. 129] gives inverse roots of L(u,f) of absolute value ¢/2.
Undoing the degree twist only rotates these roots, so the inverse roots ag ; of L(u,6) have
the same absolute value.

Logarithmic differentiation gives

Dy
Z Ap(0)0(2) = — Zag,j'
j=1

degd=n

The left side runs over all effective divisors on C, with Ap(v*) = degv on prime powers
and zero otherwise. Removing prime powers of exponent at least two costs OF(q”/ 2): prime
squares contribute Op(g™/?), while higher powers contribute Or(ng™?) = Op(q™/?). Re-
moving the fixed place oo costs only Op(1) (its von Mangoldt weight is do, when it occurs).
Division by n proves (7.3). O

Proposition 7.2. For the degrees in (7.1), the following hold.
(i) Each xp has conductor
fp =P + oo. (7.4)
In particular, its coefficient at oo is zero.

(ii) With kp = do/he > 0, one has

n n/2
#Qp(n) = HF% +O0p (qn ) . (7.5)

Proof. The valuations of my are odd at B and oo, and zero elsewhere. Quadratic Kummer
ramification is tame because ¢ is odd. The conductor exponent is one at these two places and
zero elsewhere. This proves the conductor formula.

Extend each character £ of Cl(«7) to divisors on C' by setting £(oco) = 1. The extension
is trivial on principal divisors, and so is an unramified idele class character. Exactly do of
these characters factor through the degree map: they are £(d) = (4°8? with (%~ = 1. Indeed,
the prime-divisor theorem supplies places of two consecutive sufficiently large degrees, whose
difference is a divisor of degree one. Thus the degree map on divisor classes is onto 7Z, and
after quotienting by the class of co the degree map on Cl(&7) has image Z/d~Z. Every other
character is geometrically nontrivial and satisfies Lemma 7.1 with conductor zero. Since
deo | n, each of the d degree characters takes the value one on every prime of degree n.
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Character orthogonality and [32 Theorem 5.12] now give
#(n Z > &
s § degP=n
PF#oo

N Z:: (qn + OF(q”/Q/”)> +Op(d"?/n).

This proves (7.5). O

Proposition 7.3. Let [ be a nonzero integral ideal of </ having no prime factor of degree n.
Write | = lp13, with ly squarefree. Uniformly in [,

Z Xfp([)—fﬁF 1[0 d‘i‘OF(

PEQF(n)

Proof. We construct a reciprocal character for lp. Let I (lp) be the fractional ideals prime
to [y, and let P;;([o) consist of the principal ideals (a),. satisfying

a=1 (mod ), sgn(a) € F;foo.

(7.6)

(14 deg lo)q”/2
o )

The congruence requires a to be a unit at every prime of the modulus. The quotient
G(lo) = Ly (lo)/ P (1o) (7.7)
is finite. Indeed, it maps onto Cl(/), and its kernel is a quotient of
2
H IF dcg v F;doo ) .
vllp

Let H(lp) be the subgroup represented by principal ideals. For I = (a)., multiply a by a
constant to make its leading coefficient square, and denote the result by af. Define

N =] <ﬁ> . (75)
2

vllo

Here (- /v)s is the quadratic character of the residue field. The choice of a? is unique up to a
square constant. Thus the formula is well defined and multiplicative. It is trivial on P} (lp).

A character of a subgroup of a finite abelian group extends to the group. Choose an
extension py, of A\, to G(lp). As an idele class character, it has conductor dividing [y + oo.
The local Artin symbol and the degree assumption give

w0 =TT () =m0 e (79)

vllop

Inflate the class group characters to G ([0) Their orthogonality yields

> mO=5= 3 D (mO® (7.10)

PeQp(n) deg P=n
r éeCl( ) "9 oo

Suppose lp # o7, and fix vy | lp. Weak approximation gives a € F* with residue 1 at oo
and at every v | [y other than vp, and a nonsquare residue at vg. Then A\, ((a)s) = —1. Also,
deg(a) = 0 because v (a) = 0. Since ¢ is inflated from the ideal class group, it is trivial on
the principal ideal (a), whereas the chosen extension satisfies py,((a)) = A\, ((a)x) = —1.
Hence

(&) ((a)r) = —1.
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The class of (a) has degree zero, so every character § = p;,& in (7.10) is nontrivial on the
degree-zero idele classes. This is precisely geometric nontriviality. In particular, none of these
characters factors through the degree map. Moreover,

degfg < degly + doo-

Applying Lemma 7.1 to each 6 = p;,& and using degfy < degly + doo in (7.10) proves the
required estimate for nonsquares. If [j = o/, then [ is a square and, by the hypothesis
excluding degree-n prime factors, xp([) = 1 for every P € Qp(n). Hence the left side of (7.6)
is exactly #Qp(n), and (7.5) proves the assertion. O

7.2. The functional equation and positivity. Put d, = n 4 d + 29c — 2. This is even
on the degrees in (7.1). Write L(u, x) for the polynomial variable, so that L(s,x) = L(q¢~%, x)
in the complex variable s.
Lemma 7.4. For P € Qr(n), the following hold.

(i) The polynomial has degree d,, and satisfies

L(u, xp) = (¢"*u)™ L((qu) ", xp). (7.11)
(ii) For every § > 0,
xp(a
L(1/246,xq) = Z |a|?/(2+)5 Vi, s(deg a), (7.12)
a

where the sum is over nonzero integral ideals of <7, and
1+ g 0@=20 " 2r < d,
Vis(r) =141, 2r =d, (7.13)
0, 2r > d.
In particular, this weight lies in [1,2] on 2r < d.
(ili) One has L(o, xg) > 0 for real o > 1/2, with strict positivity for o > 1/2.

Proof. Let Cy be the smooth projective curve with function field F'(,/myp). Ramification
shows that the extension has full constant field F,. Artin factorization gives

Zesy (u) = Zo(u)L(u, x). (7.14)

The two curve zeta functions have the same denominator (1 — u)(1 — qu). Their numerator
polynomials satisfy functional equations with sign +1. Riemann-Hurwitz gives

290y —2=2029c —2) +n+doo,  2(gcy — 9c) = dn.
Taking the quotient of the two functional equations proves (7.11).
To obtain the finite sum, write L(u,xyp) = flo aru”. Its coefficients are a, =
Zdeg ar Xp(a), since the factor at oo is one. Comparing coefficients in the functional

dn/2—1

equation gives aq, _» = ¢ ar. At u=q /279 4 pair of terms with 2r < d,, is therefore

g~ 120 gy g (/240 =) _ g o= (/240)r (1 | o=b(dn=2r)y,

The middle term occurs once. This proves the formula. At § = 0, it is the usual exact central
formula. Compare [4, Section 3.5, Lemma 1].

By Weil’s theorem,
dn

L(q_l/Qz,ng) = H(l — ze'%9),
j=1
The coefficients are real. A conjugate pair contributes |1 — ze™i |2, while a real factor is 1 — z

or 1 4 z. All these factors are nonnegative for 0 < z < 1, and positive for 0 < z < 1. Take
— 1/2—0 O
z=q .
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For comparison with polynomial families, take F' = F,(¢) and degoo = 1. Our convention
is xp(f) = (P/f), whereas [11] uses (f/P) for monic polynomials. For odd deg P = n,
quadratic reciprocity gives
(P/f) = (—p{@/2dei(f/p),

The conventions agree when ¢ = 1 (mod 4). When ¢ = 3 (mod 4), set P*(t) = —P(—t).
This is an involution on the monic primes of odd degree. For deg f = r, the substitution
f*(t) = (=1)" f(—t) permutes the monic polynomials of degree r and gives

(f*/P7) = (=1)"(f/P).
Thus the coefficient sums for our character at P equal those for the convention in [11] at P*.

The two conventions give the same multiset of L-values on the family, so the comparison of
lower-bound constants is unaffected.

7.3. A Gal sum with prescribed prime degrees. The prime-divisor theorem has the
form

J .
#{p : degp = j} = q; +0r(d2/9) (7.15)

by [32, Theorem 5.12]. We use one exact degree per block. All weights in a block are then
equal, which avoids any loss from the discreteness of the possible norms.

Proposition 7.5. For every sufficiently large integer N, there is a set Mg of N squarefree
integral ideals of </ with the following properties.

(i) Uniformly for A in a fized compact subset of [0, 00),

’(m, 'C)| 1/2+A/logy N 4
> (![m t]l) > Nexp{(2¢~" 4 o(1))V(N)}. (7.16)
mreMp ’
(ii) Its prime factors have norm at most (log N)'+t°0)  and
log N logy N
Jngx degm <cp S5 EES Eg(Me) < N, (7.17)
1ii < restricting the sum to
(iit) If N < ¢/, g th
deg [m, ¢ <dn (7.18)

(m,v)

for fixed 9 > 0 preserves the lower bound. If N = XSJFO(U with fixred B > 0, the

exponent A/logs N may also be replaced by A/logy X,.
Proof. Fix 0 <y <1 and 0 < n < 1/2 for now, and abbreviate T; = log; N. Set

Dy = [log,(T'T2)],  Kn=|T;].
Let &) be the primes of &7 of degree Dy + k, where 1 < k < Ky, and put P, = |Z|. Since
Ky = o(Dy), (7.15) gives, uniformly over the blocks,
1 1
P=oxd Ty +0(1). ex= 1 PO = BLEAD g )
2

For fixed a > 0, take all products containing at most Ji,(a) = |aT1/(k*T3)] primes in block
k. Denote the product of these families by Mp(a). The binomial estimate (5.15) gives

log |[Mp(a)| = (aylogq + o(1))T7. (7.20)
Here is the calculation of its leading term. Uniformly in k,
log(Py/Jk(a)) = klogq+2logk + Ty + Oy (1), Ji(a)/ P, = o(1).
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The first term contributes loggq ), kJi(a) = (aylogq + o(1))T1. The remaining terms are
bounded by

T1(1 +T4) Ty
Oq,a <T3 + KnTs + ,T32> = O(Tl).

This includes the floor errors and the terms Y, Ji(a)?/ Py <4 T1/T5.

Put ax = (1 £ n)/(yvlogq). Starting with the quotas Ji(a_), increase them one at a
time toward Jg (a4 ). Stop immediately before the size first exceeds N. The resulting product
family M, has size M < N and quotas Jj, between these two bounds. Comparing consecutive
binomial tails gives

N/M <1+ max P, < 7o, (7.21)
We apply Lemma 5.2 to the shifted weights
wi(A) = ¢~ W2HATDN R - [ (A) = Py (A).
Since (Dn + k)logq =Ty + T35 + klog g + O4(1), one has
wi(A) = e~ ATo() g=(Dn-+E)/2 (7.22)

uniformly in £ and in bounded A. Choose

e*A\/a_ logqg | T
ri(A) = { - \/T21T3J :

For A in a fixed compact interval, these integers tend to infinity uniformly in k. The remaining
hypotheses of the block lemma follow from

Jk

ri(A) KnvT; _1
Jk < /j—v1 T2 0( )7 Pk <<q 3 0( )7

and (A)2 N N
Ji + 1 q- q-

=o(1).

5. <epen Tenn - oW

Moreover, (7.19) implies

€2Jka(A)2 )
————— >e(1 1)).
Pt 2 e ol1)
Let Ss(B) denote the G&l sum over B with exponent s. Factoring it over the blocks gives
S1/244/1, (M)
log AL > (24 0(1)) Do)
= (2e7/y(1 —n) + o(1))V(N). (7.23)

The factor log ¢ in the block density cancels the factor log ¢ in the cardinality estimate. This
explains why the leading constant does not depend on q.

To obtain exactly N elements, put h = |log(N/M)/log2]|. Choose h new primes, each of
degree Op(log(h + 2)), and take all products of these primes. Call this cube Cj. Its support
is disjoint from the original blocks, and

Ss(ch) _
= 14+ 5y > 1.
o = ILavi)
Thus M; = Cp M, has size in (N/2, N], and
S.(M1) _ Si(M.)
My T M
Add elements from M p(a4)\ Mj until the size is N. There are enough, since [Mp(ay)| > N

and its intersection with My is M. Positivity of the kernel shows that this completion costs
a factor of at most two in (7.23).

(7.24)
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The energy estimate survives the completion. Lemma 5.1 gives

En(Mr(at)

log ‘MF(a_;_)]Q ) < Z{Jk(a+) + Jk(a+)2/Pk +log(Jx(as) + 1)}
k

<p Ty /T3 + T1 /T3 + KNTo = o(Th). (7.25)

Every completed element lies in CyMp(ay). Tts energy is 23" En(Mp(ay)) < N2H2rto(l),
because 2" < T11+0(1).
A diagonal choice of the parameters gives the limiting constant. For j > 3, take y; = 1—1/j

and 7; = 1/j. Choose increasing thresholds N; so that all preceding errors are at most 1/j
for N > Nj, uniformly for 0 < A < j. Require also

En(CuMp(al)) < N2/ 1t <15
Use these parameters on N; < N < Njy1. Then (7.23) proves (7.16), and the energy is
N?+o() The extra threshold ensures Ky /Dy = o(1) along this choice. Consequently every
original prime has
log [p| = (1+ o(1))log, N,
and the auxiliary primes have smaller degree. An element of the upper family has degree at
most

Ty =) -1
D Ju(as)(Dn + k) <p o | DY K24 3 b <r
k k>1 k<Kn

TV
T3

The auxiliary primes add Op(72T3). This proves all size assertions.
For the truncation, let 2y contain all supporting primes. Its largest degree is (1 +
o(1))log,log N. Put E = deg([m,t]/(m,t)). When E > n, we have

g B2 < g6 B3,
For fixed m, enlarge the sum over t to all squarefree products on 2. The resulting bound is
g™ T (1 + ol /%) < ¢7""/% exp{(log N)?/3+eM)}.
pPEZN

Summing over m gives o(N) when N < ¢™/*. The shifted kernel is at most the central
kernel, so the same bound applies uniformly in A > 0. Finally, if log N = (8 + o(1)) log X,
put B = Alogy, N/logy X,,. Then A/log, X,, = B/logy N and B = A + o(1) uniformly for
bounded A. Applying the compact-uniform estimate already proved at B gives the stated
replacement of the shift. O

7.4. A uniform upper bound. The fourth moment controls the weights placed on a small
exceptional set. To turn that control into a count of large values, we also need an upper
bound for each L-value. The following subpower bound is sufficient.

Lemma 7.6. Uniformly for P € Qpr(n) and real o > 1/2,
0 < L(o, xp) < exp{Or(nlogyn/logn)} = xoW, (7.26)
Proof. Positivity was proved in Lemma 7.4. Write Q(2) = L(¢~ /22, xy) = H;lil(l — zel).
For an integer M > 3, set p = exp(—log M /M). The inequality
|1 — e 2
[1—pe®] = 1+4p

follows by maximizing 2(1 — cos8)/((1 — p)? + 2p(1 — cosf)). Expand log |1 — pe?| into its
absolutely convergent series. Its tail satisfies

k M+1
A p 1

F S+ )0 —=p) S Mloghl

k>M
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Since log(2/(1 + p)) < log M /M, we obtain

: k k6
log |1 —e| < — 3" pcoks() + O(log M/M). (7.27)
k<M
The inequality remains valid when the left side is —oc.
Logarithmic differentiation of the Euler product gives

dn

D e = —g2 N Ap(a)xp(a) < g2
Jj=1 deg a=k

The last estimate follows from (7.15). Apply (7.27) at §; + ¢ and sum over j. Uniformly in

real ¢,
M/2

: nlog M k/2 n log M
log|Q(e")| <p o + Y - < e 4

M M M
k<M
Take M = [log,n|, adjusting the finitely many small values of n. The maximum-modulus

principle extends this bound to |z| < 1. Substitute z = ¢'/277 to obtain the assertion. O
7.5. Proof of Theorem 1.3.

Proof. We treat the center and the critical window together. Fix Ag > 0, let 0 < A < Ay,
and write s = 1/2 + A/logy X,,. Fix 0 < 8 < 1/4 and set N = [X}]. Choose the set in
Proposition 7.5, and define

Ry= > xa(m), To= >, Ry Ti= ) Ry

meMp PeQp(n) PeQr(n)
and
TI,A = Z L(S7 X‘ﬁ)RgB
PR (n)

The supporting primes of the resonator have degree Op(logn). Thus no twisting ideal formed
from its elements has a prime factor of degree n, once n is large.

Since the resonator ideals are squarefree, their product is a square exactly when they are
equal. Proposition 7.3 therefore gives

To = HF%N +Op(X2N2OW)) = (kp + 0(1))%N. (7.28)
For four resonator ideals, the square terms are counted by Eq(Mp). Consequently

Ty = HF%ED(M F) + Op(X2N4OW) < %N%O(l). (7.29)
The relative error is X,, />H2#To0) = o(1).

Insert (7.12) into T 4. There are Op(q") ideals of degree r, as follows from the rationality
of the curve zeta function. Only r < d,,/2 = n/2 4+ Op(1) occurs. For large n, these ideals
also have no prime factor of degree n. The squarefree part of each twisting ideal has degree
at most r + 2maxpem, degm = n?M) . Since the weights are at most two and s > 1/2, the
total orthogonality error is

<p X2N200) Z 7"
r<dn /2
<p X3AN2pO0 = o(X,N/n). (7.30)
This uses 5 < 1/4.

For each pair m,t, retain the ideal a = [m,t]/(m,t). It satisfies amt = [m, t]?. Restrict to
deg a < Yn with fixed 0 < ¥ < 1/2. The polynomial weight is then at least one. Every other
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square main term is also nonnegative, so it may be omitted. The truncated Gal bound now
gives
X

Ty A > TnNeXp{(Qe_A\/E +0(1))Vp(n)}. (7.31)
The fixed factor kr is absorbed in the exponent error. All estimates are uniform for 0 <
A < Ap. Dividing by (7.28) proves the maximum bound with coefficient 2¢=4+/3. Letting
B 71 1/4 through a fixed sequence and choosing admissible degree thresholds diagonally gives
the coefficient e~ 4 o(1) uniformly for 0 < A < A,.

To count large values, fix 0 < ¢ < 1 and choose c¢?/4 < 3 < 1/4. Let
Hrac(n) ={P € Qr(n): L(s, xp) > exp(ce Vi(n))}.

The complement contributes at most exp(ce 4 Vg(n))Ty to Ty 4. By (7.28) and (7.31), this
is o(T},4), uniformly in A, since 2¢/8 — ¢ > 0. Thus Cauchy—Schwarz and Lemma 7.6 give

(1= o(1)Tya < XCVHEHp 4 o(n)/2T}2
It follows that

T2
BHpadn) > bt > 20
Xn T4 n
Finally, take 3; = 1/4—1/(10j) and ¢; = 1—3/(105). Then c? < 4p;. For each fixed j, the
preceding estimates hold beyond an admissible degree n;, uniformly for A € [0, Ag]. Increase
the thresholds so that the large-value count is at least X,ll_l/ 7 whenever n > nj. Use the jth

choice for n; < n < njy1 and put ng 4, (n)=1- c;j there. This gives the endpoint count and
hence the endpoint maximum. Taking Ay = 0 gives the central assertions. (]

X*O(l) — Xrllfo(l) )

8. LARGE VALUES IN THE OPEN STRIP

For Theorem 1.4, we use a finite Euler product to favour characters which take the value
1 at small primes. The same choice of coefficients gives the quadratic Dirichlet results in [10,
Theorems 4 and 5]. For related resonance arguments, see [26, 3]. We write mx(y) for the
number of prime ideals of norm at most y.

Proof of Theorem 1.4. Fix 1/2 < 0 <1 and 0 < b < 1. Choose a > 0, to be specified below,
and put Y = alog X logy, X. Define a completely multiplicative function r by

m=b (Np<Y, pgs), rp =0 otherwise.

For each member of the family, put

Ry = H (1—bxa(p)) ' = ZTmXa(m)-

Np<Y m

pEs
The series converges absolutely, since it is a product of finitely many convergent geometric
series. Fix a nonzero smooth function W, with 0 < W < 1, supported in (1,2), and write
Iy = [ W(t)dt.

Let y = (log X)B, with B as in Lemma 4.3. We may enlarge B if necessary and assume

B > 1, so that Y < y for all sufficiently large X. Put

P(x) =) x(p) Sy => W(Na/X)R?.

Np<y (Np)“ acQ)

We will show that the average of P, with weight W R? is large. Lemma 4.3 then gives the
same lower bound for log L, up to a bounded error. GRH and positivity for real s > 1 imply
that L(s, xq) > 0 for 1/2 < s < 1, so this logarithm is real.
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The square terms in the expansion of R? can be computed prime by prime. The two
relevant geometric sums are

s 1+ b2
Dy= ) b =—1o 1
' i,j>0 ’ (1—02)% &1
i+3’ even
o 2b
N, = V= . 2
’ iz‘>:0 (1-0%)2 &2
z‘—&-’]]‘de

The even sum occurs in R2. Inserting y(p) changes even parity to odd parity. A ramified
prime contributes 1 to the first sum and 0 to the second. Thus, with

Dx = H (1= R (p) + hic(p)Ds), 6(b) = log Dy,
Np<Y
pES

Proposition 3.1 gives
SQ — HQIWXDX + O(X1/2+E_2a10g(1_b)+0(1)), DX — Xae(b)+o(1). (83)

Here and below € > 0 is fixed and sufficiently small.
We justify summing the error in this application. For every ideal m, the factor G.((m);) is
at most [, (1 + (Np)~1/2-¢/2) Its sum against ry is bounded by

b —1/2—¢/2 _ —alog(l—b)+o(1
11 <1+1_b(1+(Np) /2=¢/ )) = x—olog(1=b)+o(1),
Np<Y
pés
The squarefree part of a product of two resonator ideals has logarithmic norm Og(Y), so
its F. factor is X°(). The same support majorant bounds the G. factor of their product.
This proves absolute summability and the error in (8.3). Finally, 1 — hx(p) + hx(p)Dp =
Dy(1+O0p((Np)~1)). The prime ideal theorem and Mertens’ estimate therefore give the stated
size of Dx.
After insertion of a prime in the resonator support, the local quotient is
i (p)Ne 2
1—hg(p) +hx(p)Dy 1+
This exact parity count is the sharpened local factor mentioned after the corresponding
calculation in [10]. It is slightly stronger than replacing the quotient by b + o(1) unless b
is close to one. A prime outside the support gives no square term. Primes in S have zero
character value. Reinserting them in the prime sum below costs O(1). Consequently,

+Op((Np) ™). (8.4)

S W (Na/X) Py (o) R
acQ
2b — 1/24e—2alog(1—b)+o(1
= rolw X Dx 75 Z (Np)™7 + Ok op(1) | + O(X1/2Fe20loall=broll)) (g 5)

Np<Y

The local error is summable because }_, (Np)~179 < co. For the average error, the inserted
prime adds at most logy to the logarithmic norm of the squarefree part. The additional sum
of (Np)~?(1 + (Np)~1/27¢/2) over Np < y is X°(1). The preceding majorant therefore applies
unchanged.

Since . )
1+ «
2log(l —b) =1 —
0(b) +2log(1 —b) = log TEE 5
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both errors are negligible whenever

a<a(1b)’ 0<5<%a(b). (8.6)
Dividing by the common main term in (8.3) gives
S W(Na/X)Py(xa)RZ < 2bal = 1 ) (log X)'—°
So (1+0*)(1—-0) (logy X))o °

We used partial summation in the prime ideal theorem to obtain <y (Np) ™7 ~ Yyi=o/((1-
o)logY). For every fixed a < 1/a(b) we may first let X — co with € chosen as in (8.6). The
resulting lower bound is valid for every such fixed a. Letting a 1 1/a(b) afterwards (or using
a diagonal choice of a = a(X)) proves the maximum assertion.

For the frequency assertion, put ag = 1/a(b) —n > 0 and write

Hy(X) = (log X)' ™ (logy X) ™7

Choose a = ag + px, where px — 07 so slowly that px H,(X) — oo, and also px <
2(1/a(b) — ag) = n/2 for large X. Thus a remains a fixed positive distance below 1/a(b),
and the error estimates above are uniform for ¢ in a compact interval around ag. Since the
main coefficient is a positive constant times a!~7, the mean at ag + px exceeds its value at
ag by >5pn pxHs(X). Hence, after slowing px if necessary, the weighted mean exceeds
To(X) 4+ Cs + 1, where C; bounds the error in Lemma 4.3. Let £ C Q(X) be the set where
log L(0, Xa) > Ton(X). Outside £ we have P, < 7,,(X) + C,. Subtracting this contribution
from the weighted mean gives

> W(Na/X)R2 > S x W),
acé
because | Py| + |75, (X)| + Cy = X°). On the other hand,
Rz < (1 _ b)—27rK(Y) _ X—Qalog(l—b)—&—o(l).
Combining these bounds with (8.3) and #Q(X) = X'*°(1) we obtain

#E x af(b)+2alog(1-b y 31—
> x4 alog(1—b)+o(1) _ 5(1 na(b))+o(1).
( ) o

9. LARGE VALUES AT 1

At s = 1, the small primes determine both the leading factor and the constant term. We
use the coefficients from [10, Theorems 2 and 3]. They approach 1 at each fixed prime, which
makes the resonating Euler product close to Mertens’ product. The distribution of quadratic
values at 1 is studied in [23, 30].

The following estimate justifies the infinite series used in the proof. It also controls products
whose individual squarefree parts overlap.

Lemma 9.1. Fiz B,c > 0, and put y = (log X)® and z = ¢ 'log X log, X. Let a be the
indicator that all prime factors of | have norm at most y. Define a completely multiplicative
function r by

ro=1—-Np/z (Np<z p¢5s), o =0 otherwise.
For every fired 0 < e < 1/2, the following estimates hold:
(i)
a

[ Ni£e((Do)Ge((D1) = xoW, (9-1)
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(i)

3 rFe((m)o)Ge((m)1) = XV/ero), (9.2)
m
(iii) Both estimates remain valid after replacing G-((n)1) by len(l + (Np)—1/2—€/2)' In

particular,

Z a“ln\lm[rnFa(([mn)o)Ga(([mn)l) < X2/etoll),

[mmn

Proof. We prove the stronger bounds in the third assertion. In the first sum, the ideals of
norm at most X have F. = X°M). The remaining Fuler product satisfies

a _ _ —1N—
> 8 T+ (95 e T (1= 0917 e oy
[ ol Np<y

For NI > X, put dx = (log X)~¢/3. The definition of F. and the maximal-order bound used
in Lemma 3.2 imply, uniformly in this range,

F((Do) JT(1+ (Np)~1/279/%) < (N1,
plt
Indeed, their logarithms are bounded respectively by
Ok -((logNI)'™¢) and Ok ((log NI[)1/2=e/2),
The tail is therefore at most
H (1- (Np)—1+5)()—1 — xo(1)
Np<y

To see the last estimate, note that dxlogy = o(1l). The logarithm of this product is
Ok (loglogy + 1) by Mertens’ estimate.

Every prime factor of a resonator ideal has norm below z. Thus its squarefree part has
logarithmic norm O (z) and F. = X°1) uniformly. The other factor sums to

Tp —1/2—¢/2
11 <1+1_rp(1+(Np) )>

Np<z
p¢s

_ S _ y1/cto(1)
= exp Z long—i-o(logX) =X :

Np<z
p¢S

Here ZNKZ(N]J)_UQ_E/Q = o(log X)), and

3 1ogNi - /Z TR0 gy — 2 (14 0(1)) = logCX(l +o(1)).

t log 2z

The sum without either error factor has the same exponent, which proves the matching lower
bound in (9.2).

For the product assertion, its squarefree support is contained in the union of the individual
squarefree supports. If a, b, ¢ are the norms of the three individual squarefree parts, then the
norm of the product’s squarefree part is at most abe. The inequality 2 + abe < (24 a)(2 +
b)(2+ ), followed by (u+v)'~¢ < u!'~¢ +v'~¢, therefore bounds its F. factor by the product
of the three individual factors, with the same defining constant C'x .. Every prime dividing
its square part divides at least one whole ideal. The support products in the third assertion
bound its G factor. Multiplication of the preceding sums proves the claim. O



EXTREME VALUES OF QUADRATIC HECKE L-FUNCTIONS 39

Proof of Theorem 1.5. Fix ¢ > 0, to be specified below, and use z = ¢~ log X log, X. Take
the function r from Lemma 9.1, and put

Ry = H (1- TpXu(p))_l-
Np<z
p¢s

Fix a nonzero smooth W, with 0 < W < 1, supported in (1,2). Write Iyy = [ W (t) dt and

So = ZW(Na/X)Rga S1= ZW(Na/X)L(17Xa)R§
aefl acf)
We seek a lower bound for S;/Sp with an error tending to zero.
Choose B > 1 large enough for Lemma 4.3, so that y = (log X)? > z for all sufficiently
large X, and let
Ly(L,x) = [ (1= x(»)/Np)~".
Np<y
Let Si, denote the sum defining 57 with L, in place of L. Mertens’ estimate gives
L,(1,x) <k,B logy X uniformly. Lemma 4.3 consequently gives
B o1),  L(1, xa) < logy X.
So So ’
The latter bound will also suffice for the frequency assertion. The primes in S have zero ideal
coefficient and contribute no Euler factor.
Expand the Euler products, separating the primes in S. Proposition 3.1 and Lemma 9.1
give

So = koIwX Y rarahi(mn) 4 O(X/2ret2/etoll)) (9.3)
mn=[]

Siy = ralwX Y “”"‘"“‘h (Imn) + O(X Y/ 2et2/e+o(1)y (9.4)
[mn=0

All ideals in these sums are prime to S. The main terms are nonnegative. In the second sum,
retain only ideals [ whose prime factors have norm below z.
Forq=Np <z p¢ S, and r =1 — q/z, the resulting local factors are

TQ
Dy = 1= hic(p) + () 7~
B hi(p) 1 1
Ny =1 =hielp) 75 <<1 a2 T AT ena +r>2> - 09

These formulas average the two unramified signs and the ramified value 0. They count all
square terms in the two expansions.
We first compare the second moment with the averaging error. Since hg (p) = q/(q¢+ 1),

1 2 3 2 _ .4
D, = +’"22<1— — 2).
(1—r2) (¢+1)A+7r?)
The logarithm of the product of the second factors is Ok (loglog z). Partial summation in
the prime ideal theorem gives

1+T§ A 2 — 2u + u? T

— R xMetol) A= / du=2—-3log2+ —. 9.6
1 o=y ’ Sy T2y (00
p¢S

The logarithmic singularity at u = 0 is integrable. To justify partial summation there, split
at Np = dz. The lower range contributes Og (d(1 + | log d|)z/ log z + log z). The upper range
uses the prime ideal theorem uniformly. First let 2 — oo, then § — 0". The integral follows
from fol log(1 +t?) dt = log2 — 2 + 7/2 and elementary integration of logu and log(2 — u).
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Thus the error in (9.3) is smaller by a fixed power of X if
1 2-A

¢ >co:=2(3log2—m/2), O<5<§— (9.7)
c
In this range,
So = koIwX [] Dyp(1+o0(1)) = XHHA/etel), (9.8)
Np<z
pES
The relative error tends to zero as a fixed negative power of X. The same error bound applies

to (9.4).
It remains to compute the quotient accurately enough to retain its constant term. Can-
celling the common factor hg (p)(1 +12)/(1 — 72)? gives the exact identity

(1—7)? (1—1r2)?
-1,V (+1)(A+7?)  ¢*(1+71?)
1 b _
(I—q )Hp_l, 1) : (9.9)
14+
q(1+172)
Putting u = ¢/z, we obtain, uniformly for 2 < ¢ < z,
N, 1 U
l1-¢gH)2E=1--—"— 41072
(1-q )Dp Z2—2u+u2+ (=7

Indeed, replacing g + 1 by ¢ costs O(u?/q?) = O(z~?), and the second term in the numerator
is also O(z72). The denominator perturbation itself is O(u/z), while the leading numerator
perturbation is O(u/z). Hence its effect after division is O(u?/2%) = O(272). Summing
logarithms and using the prime ideal theorem now gives

1N c3 + o(1) ! u m  log2

1 1 (Np) Hye - @ toll) :/d _ 7 log2

oz [ (1= (®Np) 'D, ogz =~ T ) 2—2ure2™T 1 2
Np<z

pgsS
For this use of partial summation the integrand is continuous on [0,1]. The omitted fixed
primes and the summed O(z~2) errors contribute o(1/log z).
For fixed K, Mertens’ product and the classical zero-free region for (i give the stronger
remainder

[T -®p)™) " =erglogz [](1— (Np)™) (1 + oK(e*cW@))

Np<z pesS

pgs
for some cx > 0 (a possible exceptional real zero is harmless because K is fixed). For
instance, this follows by partial summation from the fixed-field prime ideal theorem ¥ (x) =
24O (ze=cxVI87) after adjusting cx. In particular the relative error is o(1/log z), which is
the precision needed to retain the additive constant below. See [21] for number field Mertens
formulas. Combining the last two displays, and (9.3)—(9.4) yields

% > Mg o (logy X +logg X — c3 — logc+ o(1)). (9.10)
0
Here log z = log, X + logz X — logc. To preserve the fixed power saving required in (9.7),
first fix any ¢ > cg and let X — oo. The resulting lower bound holds for every such fixed
c. We may then let ¢ | ¢y (equivalently, use a diagonal sequence if one wants a single choice
depending on X). Since Cy = ¢3 + log ¢y, this proves the maximum assertion.

For the frequency assertion, first fix 0 < ' < 1 and put ¢ = coe” . The lower bound in
(9.10) exceeds the required threshold by Mg a(n —n' + o(1)). Let H, C Q(X) be the set
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where that threshold is exceeded. Subtracting the complementary contribution to S, and
using L(1, x) < logy X, gives

> W(Na/X)R2 > Sox W),
acHy

The pointwise bound
Ry < ] (z/Np)? = x?/etelt)
Np<z
pES
and (9.8) consequently imply

#Ha o x—2-N/ero(l) _ y—e7 /240(1)
#UX)
For each fixed 0 < 7’ < n this bound holds with a fixed power saving in (9.7). Letting ' 17
after X — oo, and diagonalizing over a sequence 7]} 1 n if a single X-dependent choice is

desired, gives X—¢ "/2t°(1) The gap in (9.7) remains bounded away from zero because the
limiting value 7 is fixed and positive. (]
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