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ABSTRACT. We prove a geometric version of Poonen’s "Mordell-Lang plus Bogomolov" theo-
rem for semi-abelian varieties in characteristic zero. This is a generalization of the Mordell-
Lang conjecture and the geometric Bogomolov conjecture.
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1. INTRODUCTION

We prove a geometric version of Poonen’s "Mordell-Lang plus Bogomolov" theorem for
semi-abelian varieties in characteristic zero. This is a generalization of the Mordell-Lang
conjecture and the geometric Bogomolov conjecture. More precisely, we study subvarieties
of a semi-abelian variety over a function field that contain a Zariski dense set of points
arbitrarily close in canonical height to a finite-rank division group. We characterize them,
after passage to the stabilizer quotient, as images of constant subvarieties translated by
points of the group. A geometric Vojta inequality supplies the height bound needed for this
classification.

1.1. Semi-abelian varieties and heights. Let k be an algebraically closed field of character-
istic zero, and let K/k be a finitely generated regular extension with trdeg(K/k) = 1. Fix an
algebraic closure K. Fixa polarization (53, H) of K/k, where B is a normal projective k-variety
with function field K and # is an ample line bundle on B. Heights are normalized by degrees
over K, so they are unchanged when the field of definition of a point is enlarged.

Let G be a semi-abelian variety over K, given by an exact sequence

1—T—GZ A—0,
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where T is a torus and A is an abelian variety. We use additive notation for the group law and
write [n] for multiplication by n € Z.

We use the height conventions of Luo-Yu [LY25, §1.1 and §2.5]. Put t = dim7T. After a
finite extension of K, choose a splitting T = G/, and the associated standard equivariant
compactification G. The projection extends to 7 : G — A. Let D be the sum of the zero and
infinity divisors in the projective-line factors of G, and put M = O(D). Choose a symmetric
ample line bundle N on A, and set

L=M+T7"N.
Here and below, tensor products of line bundles are written additively. If ¢ = 0, take G=A
and M = 0. The canonical height associated with these data is

hr(x) = hy(x) + hy((x)),  x€ G(K),

where % is the canonical height associated with the boundary line bundle M and hy is the
Néron-Tate height associated with N on A. Both summands are nonnegative. Under multi-
plication by a positive integer, B is homogeneous of degree one and hy is homogeneous of
degree two.

We fix these data throughout the paper. For € > 0, put

Be(G) = {x€ G(K) : hy(x) <€}

The set B:.(G) depends on L. Heights from two standard choices are comparable by
positive multiplicative constants; consequently, the condition below involving every € > 0 is
independent of the choice. The comparison is recalled in Section 2. We say that a subvariety
contains a dense set of small points if its intersection with B.(G) is dense for every € > 0.

Let Ty c G(K) be a finitely generated subgroup, and put

I'= ngv ={x€ G(f) :[n]lx €Ty for some n = 1}, I'e =T+ B.(G).

Following Poonen [Po099, §1], we call T' the division group of I'y and may visualize T'; as a
fattening of ', a "slab" in the topology on G(K). For every n > 1, it satisfies [n] ' =T, where
the inverse image is taken in G(K). In particular, I' contains all torsion points. A subgroup A
has finite rank if dimg(A ®7 Q) < oo. The groups ng" are exactly the finite-rank subgroups A
satisfying [n] 1A = A for every n > 1.

1.2. The main theorem. Poonen [Po099, Theorem 8 and Corollary 9] proved Mordell-Lang
plus Bogomolov over number fields for division groups on almost split semi-abelian varieties,
that is, varieties isogenous to a product of an abelian variety and a torus. Zhang [Zha00,
Theorem 1.2] independently proved the abelian case by equidistribution of almost division
points. RéEmond [Rem03, Theorems 1.1 and 1.2] treated arbitrary semi-abelian varieties over
Q and finite-rank subgroups.

We formulate and prove the geometric analogue. Since geometric canonical heights vanish
on constant points and their images under homomorphisms, constant subvarieties must
occur in the conclusion even when they are not cosets.

Let X ¢ G be a closed integral subvariety. Let StabCT(X) be its stabilizer, and set

— 0 . o —
§=Stabg (X)°,  q:Gg— G=GglS.
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Here Sis the connected stabilizer of X; quotienting by S makes the stabilizer of g(X) finite. We
say that X is I'-special if there exist y € I, a semi-abelian variety Gy over k, a homomorphism
h: (Go)g— G with finite kernel, and a closed integral k-subvariety Y < Gy such that

1) q(X) = q(y) + h(Yg).

This is the notion used in Luo-Yu’s geometric Bogomolov theorem [LY25, Theorem 1.1], with
the torsion translation replaced by an element of T
There is an equivalent formulation using the semi-abelian Chow trace. Let

(Tx,7x) = Trg, . (G).

The group Ty is defined over k, and 7x : (Tx)g — G is universal for homomorphisms from
constant semi-abelian varieties; see [Liu24, Corollary 2.4.4(2)] and [Liu26]. Then X is I'-
special if and only if there exist y € I' and a closed integral k-subvariety Y’ < Tx such that

@ q(X) =qy) +7x(Yo).
Section 2 proves the equivalence. In both formulations we first pass to the stabilizer quotient.

Theorem 1.1. With the notation above, the following conditions are equivalent.
(1) Foreverye >0, the set .
X((K)nT,
is Zariski dense in X.
(2) X isT-special, equivalently it satisfies (1), or equivalently (2).

When I’y = {0}, the group I is the torsion subgroup, and Theorem 1.1 recovers Luo-Yu’s
geometric Bogomolov theorem: translation by torsion preserves canonical heights. For
a group of positive rank, the approximating elements of I' can have unbounded height.
Theorem 4.1 supplies the estimate needed to handle them. Even after this estimate, bounded
height does not imply finiteness, since every constant point has height zero; Proposition 3.1
instead classifies the subvarieties on which points of bounded height approach I' arbitrarily
closely.

Induction on dimension gives a single height threshold and a finite family of special
subvarieties, as in [Po099, Introduction, Conjectures 1 and 2].

Corollary 1.2. With the notation above, there are ey > 0 and a finite, possibly empty, family of
integral I -special subvarieties Z,,..., Zy < X such that
m

X(E)NTe, < | Zi(K).
i=1

If X is not T'-special, all the Z; may be taken to be proper subvarieties of X.
The method in this paper does not work in positive characteristic; see §5.3.

1.3. Related results. Mordell conjectured that a curve over Q of genus at least two has finitely
many rational points. Faltings proved the number-field form [Fal83, Satz 7]: for a smooth
projective geometrically integral curve C of genus at least two over a number field F, the
set C(F) is finite. A rational base point, when one exists, embeds C in its Jacobian. The
Mordell-Weil theorem makes the Jacobian’s group of F-rational points finitely generated,
placing Mordell’s conjecture in a more general intersection problem.
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Lang [Lan60, p. 29] formulated this problem for tori and abelian varieties and asked for
its extension to semi-abelian varieties. Faltings [Fal91, Fal94] proved the abelian case, Vojta
[V0j96, Theorem 0.2 and pp. 133-134] the semi-abelian case for finitely generated groups,
and McQuillan [McQ95, Introduction and §3] the finite-rank case. Thus the intersection of
a subvariety of a complex semi-abelian variety with a finite-rank subgroup is a finite union
of intersections of that subgroup with semi-abelian cosets contained in the subvariety; each
coset can be translated by a point of the subgroup. This gives Mordell’s conjecture because a
curve of genus at least two in its Jacobian contains no positive-dimensional abelian translate.
The torsion case is the Manin-Mumford theorem. Han-Luo-Yu [HLY26, Theorem 1.1] give a
bound for the number of cosets in terms of dimension, degree, and rank in characteristic
zero. These are statements about exact intersections.

Over function fields of characteristic zero, Manin [Man63] and Grauert [Gra65, p. 132]
proved the geometric Mordell theorem: a smooth projective geometrically integral non-
isotrivial curve of genus at least two has finitely many K-rational points. Here a curve is
non-isotrivial if it does not become defined over k after any finite extension of K. Constant
curves have Zariski dense constant points, which explains the non-isotriviality assumption.
Hrushovski [Hru96, Theorem 1.1] proved the relative function-field Mordell-Lang theorem in
all characteristics; see [BBP18, §4] for its semi-abelian formulation. In characteristic zero, the
subgroup may have finite rational rank. In characteristic p > 0, the cited formulation requires
containment in the prime-to-p divisible hull of a finitely generated group: every point must
have a multiple in that group with multiplier prime to p. Finite rational rank alone does not
imply this condition.

Over number fields, Ullmo [Ull98] proved Bogomolov’s conjecture for curves in their
Jacobians, and Zhang [Zha98] proved it for subvarieties of abelian varieties. The conclusion
is that a subvariety with dense small points is a torsion translate of an abelian subvariety.

For geometric heights, constant subvarieties also occur. Gubler [Gub07, Theorem 1.1]
proved the theorem when the abelian variety is totally degenerate at one place, using tropical
equidistribution. Yamaki [Yam18, Theorem 1.5] reduced the general abelian conjecture to
nowhere-degenerate abelian varieties with trivial trace; here nowhere degenerate means
potentially good reduction at every divisorial place. Gao-Habegger [GH19, Theorem 1.1
and Appendix A] proved the abelian geometric Bogomolov theorem in characteristic zero
and transcendence degree one. Cantat-Gao-Habegger-Xie [CGHX21, Theorem A] treated
arbitrary transcendence degree in characteristic zero, and Xie-Yuan [XY22, Theorem 1.1]
proved the theorem in arbitrary characteristic. Luo-Yu [LY25, Theorem 1.1] extended it to
semi-abelian varieties. Their Example 1.2 explains why one must allow positive heights
tending to zero: a special subvariety of a nonconstant extension need not have dense height-
Zero points.

The closest arithmetic estimate to our argument is Rémond’s Vojta inequality [RemO03,
Theorem 4.1]. His approximation theorem [Rem03, Theorem 1.2] permits errors z satisfying

hi(2) <e(1+ho()

for the corresponding arithmetic canonical height, and gives finiteness outside positive-
dimensional cosets. In the abelian case, Ge [Ge24, Theorems 1.2 and 1.2] chooses the height
threshold in terms of the dimension of the ambient variety and the degree of the subvariety,
and bounds the number of cosets needed to cover the intersection exponentially in the rank
of the group.
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Moriwaki [Mor01, Theorem A] treats abelian varieties over finitely generated extensions
of Q using big arithmetic polarizations; those heights include arithmetic contributions.
Hultberg [Hul26, Theorems 2 and 4] proves Bogomolov for semi-abelian varieties over glob-
ally valued fields of characteristic zero and a gap principle over non-archimedean globally
valued fields for small points on subvarieties with finite stabilizer whose differences generate
the ambient group. The Vojta inequality below concerns geometric heights over the fixed
algebraically closed constant field. For fixed geometric data, its constants are independent of
the finite extension of K over which the points are defined, and the auxiliary comparison is
uniform in the integer weights.

After completing the proof of Theorem 1.1 in August 2026, the author learned in September
2026 of an independent proof of a similar result by Ningjun Jiang. The proof presented here
was developed independently.

1.4. Plan of proof. The implication from specialness to the density of approximations fol-
lows from geometric Bogomolov. For the converse, pass to the connected stabilizer quotient;
the image of I' remains a finite-rank division group. We are then reduced to a subvariety X
with finite stabilizer.

First suppose that the approximating points on X have bounded height. Sections 2 and 3

use the seminorm
p(x) = har(x) +\/ hy (7(x)),

whose two summands have the same degree of homogeneity. Finite rank gives a finite
covering of the relevant bounded part of I" by sets of small p-diameter. One part contains
approximations to a dense subset of X. Taking differences cancels its center. Thus, for each
integer m = 2, the image of

m m—1
X" —G ’ (xly---;xm)'_)(xz_xly---;xm_xl)

has dense small points. For sufficiently large m, the image has finite stabilizer. Geometric
Bogomolov makes it constant up to torsion translation, and a fiber of the next difference map
gives X = a+ Y¢ with Y defined over k.

Determining the translate requires more than geometric Bogomolov. A generically finite
difference map on Y, defined over k, gives a height inequality without an additive error. It
follows that

infp(a—7v)=0.
yel

The positive gap for nonzero heights over each fixed finite extension of K implies that the
real kernel of p on a finite-dimensional rational subspace is defined over Q. The identities
[n]7'T =T then give a =y + zwith y € T and hi(z) = 0, as required.

To remove the height bound, let Zx be the union of the positive-dimensional semi-abelian
cosets contained in X. The Vojta inequality, Theorem 4.1, excludes tuples in X \ Zx whose
heights grow rapidly and whose normalized differences are small. The two height summands
require different normalizations. Covering the corresponding normalized images of I' by
finitely many small sets gives the height bound of Proposition 5.1. Since X has finite stabilizer,
Zx is a proper closed subset; removing it preserves density and reduces the theorem to the
bounded-height case.

The proof of the Vojta inequality occupies Section 4. We first work over a curve. The
geometric product estimate retains the Samuel multiplicities in the derivative intersections
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and bounds the degree and height of each product factor. The comparison obtained from
the auxiliary section then descends to products of smaller dimension with leading constants
independent of the integer weights and the finite extensions of K over which the points are
defined. Fixing those weights and a finite extension of K containing the points before letting
the auxiliary degree tend to infinity removes the genus term in Siegel’s lemma. Finally, one
generic complete-intersection curve preserves normalized heights, up to a fixed factor, over
every finite extension of K and gives the result for the original polarization.

1.5. Notation and terminology. A variety is an integral separated scheme of finite type over
a field, and a subvariety is closed and integral. A subscript denotes extension of scalars. A
constant variety over K is the base change of a variety over k. Products and stabilizers are
taken over K unless another field is specified, and density means Zariski density. We use
multiplicative notation only in the torus examples.

1.6. Acknowledgement and Al usage. The author is grateful to Professor Huayi Chen for his
encouragement and thoughtful advice during the preparation of this manuscript.

The ideas are due to the author’s brain. The author used ChatGPT to polish the paper and
verify the mathematical correctness. The author thanks OpenAl's ChatGPT for assistance
with the presentation of the manuscript.

2. HEIGHTS AND APPROXIMATION OF A POINT

We prove that a point approximated arbitrarily closely by ng", with Ty finitely generated,
belongs to ng" modulo a point of height zero. The proof uses a seminorm associated with the
height and a positive lower bound for nonzero heights over each fixed finite extension of K.

2.1. Canonical heights. Keep the line bundles M, N, and L chosen in the introduction. If
hy and hy are corresponding Weil heights, Tate’s limiting process gives, for x € G(K) and

ae AK),

~ h -~ h

hp(x) = lim —M([n]x), hy(a) = lim —N([’;]a).

n—oo n n—oo n

Let M and N be the resulting canonically metrized adelic line bundles. Following Luo-
Yu [LY25, §2.4-§2.5], put L = M +7*N, so that h; = h;. These heights are the geometric
counterparts of those in [P0099, §3 and Lemma 4]. For every integer n, they satisfy
®) hyu(n)x) = |nlhy (), hy(nla)=n*hy(@)  (neZ).

To give the two summands the same scaling under multiplication, put

(4) p(x) = Rpg(x) + \/ Ay (T (2)).

Both summands are homogeneous of degree one and satisfy the triangle inequality. For A,
apply the geometric Weil-height inequality obtained from the effective-divisor inequality in

[Rem03, Corollary 3.1] to [n]x and [n]y, divide by n, and let n tend to infinity. For 4/ hy, use
the nonnegativity of the quadratic form hx. Hence

px+y)=px)+p(), p([nlx) =Inlp(x).

Each of hyy, \/ hy o 7, and p vanishes on torsion and induces a seminorm on G(K) ®7Q. These
seminorms extend continuously to finite-dimensional real scalar extensions: if ey, ..., e, is a
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rational basis, the bound p(}_; a;e;) < Y ;1a;lp(e;) gives a unique continuous extension, and
the same argument applies to the other two seminorms.
The elementary bounds

(5) p(x)<hr(0)+\he(x),  hp(x)<px) +p(x)?

allow us to replace hy by p when considering boundedness or convergence to zero. For a
product with chosen line bundles Ls,..., L, defining the heights, we use the external tensor
product, whose height is

r
hngn-&Lr (xl»---;xr) = Z hLi (xl)
i=1

Let G’ be another semi-abelian variety, with abelian quotient A’. Choose its standard
compactification, boundary line bundle M’, and symmetric ample line bundle N’ on A’, and
put L' = M’ + 7" N’, where 7’ extends G’ — A’. For a homomorphism f: G — G/, [LY25,
Lemma 3.3, proof of (1)] gives EU (fx) = CEL(x), where C > 0 depends on f and the height
data. If f has finite kernel, the reverse comparison also holds. This is part (2) of the same
lemma for isogenies. In general, choose character bases so that the map on the tori has the
form

(tryenny B — (£ 671,001, di= 1.

The target boundary pulls back to ) ; d;D;, where D; is the sum of the zero and infinity
divisors in the ith source factor. Nonnegativity of their canonical heights gives the reverse
comparison for ;. The map on abelian quotients is finite onto its image. Indeed, the
inverse image of a positive-dimensional connected kernel would map with finite kernel to
the target torus; it would therefore be affine, contradicting its positive-dimensional abelian
quotient. The pullback of N’ is consequently ample and gives the reverse comparison for
hyor. Applying the upper bound to an isomorphism and its inverse shows that changing the
torus coordinates preserves these comparisons.

We next identify the points of height zero. Let (GK'¥,tr) be the geometric K/k-trace of
Gg; see [Liu24, Corollary 2.4.4(2)] and [LY25, §3.2]. Thus every homomorphism from a
constant semi-abelian variety to Gg factors uniquely through tr. Its connected reduced
kernel descends to k by [Liu24, Theorem 2.3.12]. The quotient by this kernel is constant and

maps to Gg, so universality gives a map from the quotient back to GX'k Uniqueness in the
universal property makes the composite with the quotient map the identity. The connected
reduced kernel is therefore zero, and tr has finite kernel. In characteristic zero, every finite
subgroup of a constant semi-abelian variety is defined over k. Its quotient, and hence the
image of tr, is constant. Write H for this image with its induced k-structure.

The universal property also identifies the two descriptions of specialness in the introduc-
tion. For the quotient G, it factors the homomorphismin (1) as h =t xo e where v: Gy — Tx
is defined over k. The kernel of v is finite because that of £ is finite. Thus v is finite onto its
image, and Y’ = v(Y) is an integral closed k-subvariety of Tx. This gives (2). Conversely, (2)
gives (1) with Gy = Tx and h = 7.

By [LY25, Theorem 1.1] applied to a point,

(6) {xe G(K): hy(x) = 0} = G(K)ors + H(K).
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2.2. Alower bound for positive heights. Lang-Néron and positive definiteness modulo the
trace bound the positive values of EN from below over each fixed finite extension of K; see
[Con06, Theorems 7.1 and 9.15]. Above points of quadratic height zero, we express EM as an
integral boundary degree divided by a fixed denominator. This proves the following analogue
of [P0099, Lemma 10(5)].

Lemma 2.1. For every finite extension F/K, there is ar > 0 such that
PeG(F), hy(P)<ap = hy(P)=0.

Proof. Alower bound after a finite extension of F also applies to G(F). We may thus enlarge F
so that the splitting, compactification, and line bundles defining the heights are defined over
it. Let (A"/¥ trp/;) be the F/k-trace of Ap. The group

AR Itrp o (AT R (k)

is finitely generated by Lang-Néron, and its Néron-Tate height is positive definite after real
scalar extension; see [Con06, Theorems 7.1 and 9.15]. Modulo torsion, this group is a lattice,
so its positive height values have a positive lower bound. Fixan integer e = 1 killing the torsion
in the displayed quotient. If EL(P) is below the positive lower bound, then EN (z(P)) =0 and

le]n(P) = trgr(a) for some a(—:AF/k(k).

The integer e is independent of P. We now bound the positive linear heights above the trace
image by [F: K]™!.

Put Ay = AF'* and pull GF — Ar back to (Ag)r. The resulting extension by the split
torus is determined by rigidified algebraically trivial line bundles, hence by finitely many
points 1 € Ay (F). Let Br be the normalization of B in F, and let Hr be the pullback
of H. Properness of Ay makes every rational map Br --» Ay defined by an n; regular at
the codimension-one points. All these maps are therefore morphisms on one open subset
U c Br whose complement has codimension at least two.

The rigidified Poincaré bundles give the pulled-back extension and its standard compact-
ification over Ay x U. Let D be the sum of the zero and infinity divisors in its projective-line
factors. The multiplication morphism satisfies

(7) [n]*D=nD (n=1).

This follows from the rigidified identity [n]*Q = Q®" for each algebraically trivial extension
bundle Q: in the associated projective-line bundle, the fiber coordinates are raised to their
nth powers.

A point P’ of the pulled-back extension above a € Ay (k) gives a rational section over U. It
extends at codimension-one points by properness of the compactification. Its contact with
D is an effective integral Weil divisor Dp on Br. Its model height is

degy, . (Dp1)
[F:K]
The generic-fiber boundary is the pullback of the chosen boundary on G, so its model height
differs from the corresponding Weil height by a bounded function. By (7), the model height
scales exactly by n under [n]. Dividing by n and taking the limit therefore identifies (8) with

hyr at the image of P’ in G(F). A nonzero effective integral divisor has positive integral -
degree. Hence this height is either zero or at least [F: K] 7.

®) . degy, (Dp) =HE™E 1. Dp.
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Apply this to the lift of [e] P above a. Since EM([e] pP) = eﬁM(P), a point with EN(E(P)) =0
has either zero linear height or linear height at least (e[F : K 1)~!. Choose ar smaller than this
bound and the positive gap for hyom. Then hy(P) < ar forces both summands to vanish. [

The height gap implies that the real kernel of p is rational on every finitely generated
subgroup. The lattice argument is the seminorm analogue of [Con06, Lemma 10.1].

Lemma2.2. Let A  G(K) be a finitely generated subgroup. The kernel of p on A®zR is defined
over Q with respect to A ®7 Q.

Proof. Choose a finite extension F/K over which generators of A are defined. Lemma 2.1
and (5) give a positive lower bound for the nonzero p-values on A/Ays. Its image in
(A®zR)/kerp is therefore discrete. Since the image spans the quotient, it is a lattice of rank
equal to the dimension of the quotient. The kernel of the map from A/A¢qs to this lattice
consequently has rank dimp ker p and spans ker p. ([

Applying this rationality statement to a point and a finite set of generators gives the
following analogue of [Po099, Lemma 14]. Here the term of height zero includes constant
points of the trace, as in (6).

Corollary 2.3. LetI' c G(K) be a subgroup of finite rank satisfying (n]~'T =T for every n = 1.
If a € G(K) satisfies

infp(a-7y)=0,

yel

then a =7y + z for somey € I' and some point z with hy(z) =0.

Proof. Choose g1,...,8r € I' whose images span I' ®7 Q, and apply Lemma 2.2 to the
group generated by a, g,...,8r. Quotient its real scalar extension by the kernel of p. The
approximation hypothesis places the image of a in the closure of the span of the images of
the g;. This span is finite-dimensional, hence closed. Both it and the kernel of p are rational.
Solving the corresponding linear equations over Q gives rational numbers c; such that

P(a—ZCigi) =0

in the rational sczllar extension. Choo_se an integer n = 1 with nc; € Z. Multiplication by 7 is
surjective on G(K), so there is y € G(K) with [n]y = ) ; nc; g;. Since [n]y € I and (n]~ =T,
we have y € I'. Homogeneity of p now yields p(a —vy) =0, and (5) finishes the proof. ]

3. APPROXIMATION WITH BOUNDED HEIGHTS

We characterize approximation by a finite-rank subgroup when the approximating points
have bounded height. Over Q, Rémond [Rem03, §5, pp. 209-211] combines a finite covering
argument with Bogomolov’s theorem. Over a function field, the conclusion involves a
constant subvariety of the trace. Retain H and p from Section 2, and put A = A + B¢(G)
for a subgroup A c G(K).

Proposition 3.1. Let A ¢ G(K) be a subgroup of finite rank, and let X c Gy have finite
stabilizer. The following are equivalent.

(1) Thereis R =0 such that, for everye > 0, the set
{xe X(K)NAe:hi(x) <R}
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isdensein X. .
(2) There are a € G(K) and a closed k-subvariety Y c H such that

X=a+Yg, injiip(a—/l):o.
€

IfIn]~'A = A for every n = 1, these conditions imply that X is A-special.

3.1. Difference maps. Under condition (1), we first show that a translate of X is defined over
k. The finite covering argument of [Rem03, Lemma 5.1(3)] produces a dense subset close
to one element of A. Taking differences cancels that element and gives small points on the
image of the difference morphism.

Lemma 3.2. Assume condition (1) of Proposition 3.1. There are points An € A, positive
numbers b,, — 0, and dense subsets E,, ¢ X(K) such that

p(x—2A,) < b, (x € Ep).

Proof. Choose e, >0withe, +/€,<1/n.Ifxe X(K)n A¢, and EL(x) < R, choose A € A with
EL(x - A1) <ey. Then
p(x-M<1/n, pA)<R+VR+1.

The points A satisfying the second inequality have bounded image in the finite-dimensional
normed space (A ®7zR)/ker p. Cover this bounded image by finitely many balls of radius 1/n
with centers in the image, and lift the centers to A. The dense set under consideration is then
covered by finitely many sets of the form p(x—A) < 2/n. Irreducibility of X forces one of these
sets to be dense. Take it for E,,, its center for 1, and put b, =2/n. O

For an integer m = 2, define the difference morphism
am:Xm_)Gm_lr (xly---yxm)_)(xz_xlr---yxm_xl)r

and let W, be the closure of its image. Zhang [Zha98, Lemma 3.1] proves generic finiteness
for sufficiently many factors in an abelian variety when the stabilizer is trivial. The following
argument applies to semi-abelian varieties with finite stabilizer and also controls the stabi-
lizer of W,,.

Lemma3.3. Let m = 2 satisfy m > dim G, and suppose that X has finite stabilizer. Then
(1) a, is generically finite onto Wy,;
(2) Wy, has finite stabilizer.

Proof. 1If X is a point, both assertions are immediate. Assume d = dimX > 0, and put g =
dim G and F = Stab(X)(K). For ¢ ¢ F, the distinct irreducible varieties X and X — ¢ satisfy

dim(Xn(X-1)<d-1.

The incidence of tuples (xy,..., xn, ) with ¢ ¢ F and x; + ¢ € X for every i has dimension at
most

g+m(d-1)<md.
It cannot dominate X"*. Two tuples in a fiber of a,, differ by one common translation. A
general tuple thus admits only translations in the finite group F, proving (1).
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Let v = (vy,..., V) stabilize Wy, and put v; = 0. The constructible image of «,, contains a
dense open subset of W,,. Therefore, for a general tuple (x;) € X, the point a,((x;)) + v has
a preimage. Equivalently, there is t € G(K) such that

xi+t+v;eX 1<i<sm).

Suppose that v ¢ F m=1 " Qutside the finite set U; (F — v;), every intersection X N (X — ¢ — v;)
has dimension at most d — 1, so the corresponding incidence again has dimension at most
g+ m(d—1). For a point ¢ in that finite set, at least one ¢ + v; lies outside F: otherwise ¢ €
F because v; = 0, and then all v; € F. The incidence over each such ¢ consequently has
dimension at most md— 1. Neither part dominates X", a contradiction. Thus Stab(W,,) (K) <
Fm-1 proving (2). |

For sufficiently large m, finite stabilizer and geometric Bogomolov [LY25, Theorem 1.1]
make W,, constant when it contains a dense set of small points. A fiber of W,,.; — W}, over
a constant point then recovers a translate of X.

Lemma 3.4. Suppose that X has finite stabilizer and every W,, contains a dense set of small
points. Then X = a+ Y for some a € G(K) and some closed k-subvariety Y < H.

Proof. Choose m > dimG with m = 2. Lemma 3.3 gives a finite stabilizer for W,,. Since the
trace of a product is the product of the traces, [LY25, Theorem 1.1] makes W, a torsion
translate of a constant subvariety of H”~!. Diagonal tuples show that 0 € W,,, so the
translating torsion point lies in H™ 1. It is constant in characteristic zero. Hence W,, is
defined over k. The same holds for Wj,,,;.

The coordinate projections of W, contain all differences x — x’ with x, x" € X (K). Hence
X — X c H. Consider the projection

p:Wpaa— Wy

which forgets the last difference. Put d = dim X. By Lemma 3.3, its source and target have
dimensions (m + 1)d and md. There is a nonempty open subset of W,, contained in the
image of a,,, over which the fibers of a,, are finite and the fibers of p have dimension d.

The set W,,, (k) remains dense after extension to K, since k is algebraically closed. Thus this
open subset contains a point w € Wy, (k) even though it need not be defined over k. Choose
a preimage under a,, and denote its first coordinate by a.

Varying the last point in X”**! shows that X — a is contained in the fiber p~! (w), viewed
in its last coordinate in H. It is closed, irreducible, and of dimension d, so it is an irreducible
component of that fiber. The fiber is defined over the algebraically closed field k, and each of
its geometric irreducible components is defined over k. This proves the assertion. U

3.2. The translating point. To locate the translating point, we must deduce small heights on
Y from small heights of differences. The usual inequality for a generically finite map has an
additive error; see [Sill1, Theorem 1]. Since the heights here tend to zero, we need to remove
that error. The argument using a nonzero section in [Sil11, §1] does so on models defined
over k.

Lemma 3.5. Let H be a semi-abelian variety over k, and let Y < H have finite stabilizer. Choose
a standard compactification H of Hg and a line bundle Ly = My + ELN 1, Where T g extends
the map from Hy to its abelian quotient, My is the boundary line bundle, and Ny is symmetric
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and ample on that quotient. There are an integerr = 2, a nonempty open subset U c Y defined
over k, and C > 0 such that

r r
© Y b, ) <CY h,(yi=y) (..., y) € UK.
i=1 i=2

Proof. Height comparison reduces the assertion to line bundles defined over k. Choose
r > dim H with r = 2. Compactify Y" and the image of its difference morphism over k, and
let Z be the closure of the graph of the difference map. Let p and f be the projections to
these compactifications, respectively. Let £ and A/ be the restrictions of the external products
of the ample line bundles defining the heights on the corresponding powers of a standard
compactification of H defined over k. On the open parts, their geometric model heights are
the sums in (9).

By Lemma 3.3, f is generically finite, so f*A\ is big. The characterization of big line
bundles in [Laz04, Corollary 2.2.7] gives positive integers C, b and a nonzero section of

(f*N)®bC ® (p*£)®(—b)

over k. Remove the zero divisor of this section and the loci where the graph projections do
not represent the original morphism. This gives a nonempty open subset U < Y defined
over k.

Geometric model heights on constant models are exactly additive and functorial. They are
nonnegative outside an effective constant divisor: pull its section back along the rational map
from a normal model of a finite extension of K defining the point. Properness extends this
map at codimension-one points, where the resulting divisor is effective and has nonnegative
polarized degree. Applying this to the section above gives

bChyr(f(2) —bhe(p(2) =0

for points above U. The constant model heights of the standard bundles equal their canonical
heights: the multiplication identities already hold on those models. Dividing by b yields (9).
O

Proof of Proposition 3.1. Assume (1), and use the sets Ej,, centers A,, and numbers b,, of
Lemma 3.2. For every fixed m, the set E}" is dense in X", and its differences satisfy

p(xi = x1) < 2by,.

Their image is dense in W,,,. By (5), the product height of each image point is at most (m —
12b, + 4bfl). Consequently W, contains a dense set of small points. Lemma 3.4 gives X =
a+ Yz with Y ¢ H defined over k.

The stabilizer of Y is finite. Choose the line bundle Lj; defining the height on H and choose
r,U,C as in Lemma 3.5. For each n, density of E}, gives a tuple (x, ..., x,;) whose translate by
(—a,...,—a) belongs to U. Write x; = a+ y; and z; = x; — 1,,; these points depend on n. Then

Vi—-V1=2i— 21, p(z; —z1) <2by.

By (5), these differences have hy - -height at most 2b,, + 4b%. Height comparison for H— G
gives hLH (¥i —y1) — 0. Since the constants in (9) are fixed, we obtain h L;(¥1) — 0. Since

a-An=z21-Y1,
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the triangle inequality, the bound p(z;) < by, and height comparison give p(a—A,) — 0. This
proves (2).

Conversely, assume (2). The set a + Y (k) is dense in X. Every y € Y (k) has height zero, so
pla+y) = p(a), by applying the triangle inequality in both directions. Given € > 0, choose
A € A with p(a—A) small enough that p(a— A1) + p(a— 1)2 <e. Then, for every y € Y (k),

EL(CH—y—)L)Sp(a—/l)+p(a—/1)2<€.

Also hy(a+ y) < p(a) + p(a)?, so (1) holds with R = p(a) + p(a)?.

Finally, if [n] "1 A = A for every n = 1, Corollary 2.3 gives a = A + z with 1 € A and hi(z) =0.
By (6), write z = T+ c with 7 torsion and ¢ € H(k). Absorb 7 into A, since A contains all torsion,
and replace Y by ¢+ Y. This gives the required special form. (]

4. A VOJTA INEQUALITY OVER FUNCTION FIELDS

For a closed subvariety V < Gg, let Zy be the union of the translates of positive-
dimensional semi-abelian subvarieties contained in V. This is the Mordell exceptional locus
of [Abr94, §0]. By [Abr94, Theorems 1 and 2], it is closed, and Zy = V implies dim Stab(V) > 0.

The following theorem is the function-field analogue of [Rem03, Theorem 4.1]. It excludes
tuples outside Zy whose heights grow rapidly and whose normalized differences are small.
The two normalizations reflect the linear growth of the boundary height and the quadratic
growth of the abelian height under multiplication.

Theorem 4.1. Suppose thatdimV =1, and put m = dimV + 1. There are positive constants
c1,C2, c3, depending on G,V, the line bundles M, N, and the fixed polarization, such that no
tuple (x1,...,xm) € (V'\ Zy) (K™ satisfies all of

(1) EL(xl) = c3 and EL(xiH) > cﬁﬁL(xi)forl <i<m;

2) forlsi<m,

o~ Xi Xi+1 1
hM(/\ - = ) =c )
hr(xi)  hp(xiz1) !

~ 7(x;) 7T(Xi+1) -2

hN - _Cl .
\/hL(xi) \/hL(xi+1)

The expressions in (2) are taken in the real scalar extension of the group generated by the points;
the heights extend there by homogeneity and continuity. The constants are independent of the
finite extensions of K containing the points.

We first work over the function field of a curve. Proposition 4.2, applied to the semi-
abelian difference maps, gives an inequality with integer weights. Approximating inverse
square roots of the point heights by ratios of positive integers then gives the two normalized
differences in the theorem; the boundary differences use the squares of these integers.
The comparison must therefore have constants independent of the weights and the fields
containing the points. We prove it by auxiliary sections, differentiation, and an index
estimate, as in [Yua25, §§3-5], with degree and height bounds for the smaller product factors
produced by the index estimate. Sections 4.7 and 4.8 give the semi-abelian application and
the passage to higher transcendence degree.
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4.1. Heights over a curve. Suppose K = k(C), where C is a smooth projective curve over
k. For a finite extension F/K, let Cr be the smooth projective curve with function field F,
equipped with its finite morphism to C. The absolute values |a|, = exp(—ord,(a)), indexed
by the closed points v of Cp, are trivial on k* and satisfy the product formula. For z = (zg: ---:
zn) € PN(F), put
h(z) = [F K Zlogmaxlzjly

This is the height hp(y) for the constant model of the hyperplane line bundle. The product
formula makes it independent of the homogeneous coordinates, and the normalization
makes it invariant under finite extension of F.

For a nonzero polynomial, i denotes the height of its coefficient vector. For a finite family
of polynomials, it denotes the height of the joint coefficient vector, whose v-adic norm is the
largest absolute value of any coefficient in the family. For a projective variety Y, let h(Y) be
its Chow height, divided by [F : K] but not by deg Y. Equivalently, this is the corresponding
hyperplane intersection on the closure over Cr. These projective heights are distinct from
the canonical height hionG.

4.2. A uniform height comparison. The following proposition compares the height of an
auxiliary line bundle with a weighted sum of projective heights. It is the function-field
analogue of [Rem05, Theorem 1.2] with w = 0; [Dil20, Theorem 1.1] treats different projective
factors over Q. All heights use the normalization of Section 4.1.

Proposition 4.2. Let X c PN be an integral projective variety of positive dimension, and let
Lx = Ox(1). Fix integers m = 2, t1,1t,19,0 = 1 and a real number § = 1. For a tuple a =
(ar,...,an) of positive integers, put |al =Y ; a;. Let m: X — X" be projective and birational,
let P be very ample on X, and put N, = n* (&-L?g’). Let M be a line bundle on X, and let X be
a family of o global sections of P ® M™1. Suppose there are injections

P—N;,  PeM T —NZ
Let U be an open set on which m and both injections are isomorphisms. Identify U with its
image under i, and fix x = (x1,..., X,) € U. Assume the following.
(1) The line bundle M is nef, and X generates P ® ML
(2) In an embedding given by P, the first injection sends the coordinate sections to mono-
mials with coefficient 1. The second sends X to polynomials P1, ..., Py, of multidegree
tpa, whose joint coefficient vector satisfies
h(Py,...,Py) <dlal.
(3) For every product Y = [];Y; ¢ X™ containing x, with each Y; integral, its strict
transform Y satisfies
i

Define
hp(x) = hp(x) — h(Z(x)),
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where hp uses the stated coordinate sections. There are constants ci, ¢y, ¢3 > 0, depending only
onX,N,m, 11, ,19,0,0, such that

68)) Y aih(x;) < crhpq(x)

whenever a;la;+1 = ¢, for1 < i < m and h(x;) = c3 for all i. The constants are uniform in X,
the weights, the point, and their fields of definition.

The auxiliary section will belong to M% ® N; %, with & > 0 rational and d a large integer. If
its first nonzero derivative at x has small weighted order, the product formula gives the height
comparison. Otherwise, the index estimate produces a hypersurface through one of the x;,
with controlled degree and height. We choose a product through x of least dimension subject
to bounds preserved by this construction, so the second alternative is impossible. Section 4.6
chooses these bounds and completes the proof.

4.2.1. Finite projections. Fix the data of Proposition 4.2. We work on a product Y =[]; Y; c
X' containing x, with each Y; integral, so that the estimates will also apply after replacing a
factor by a proper subvariety. Put

u; =dimY;, D; =degY;, u=>y uj, D=]]D:.
7 i

We use this notation until Section 4.6. Let Y be the strict transform of Y in X, and let W;j be
the original homogeneous coordinates on the ith factor. We retain these coordinates because
the coordinate sections of P map to monomials in them. Omit coordinates identically zero
on Y;, together with the resulting zero projective coordinates and generating sections. If a
remaining coordinate vanishes at x;, it already gives a proper hyperplane section through x;
with coefficient height zero.

Finite linear projections provide local parameters for differentiation wherever they are
étale. Their equations also control the coefficients of the auxiliary section. The following
construction is the geometric-height counterpart of [Rem05, Proposition 2.2 and Lemma 2.3];
constant coefficients have absolute value at most 1 at every place.

Lemma 4.3. Foreveryi, there are constant linear forms Vy, ..., Viy, defining a finite projection
pi:Y; — P of degree D;, with Vio(x;) # 0, having the following properties.

(1) Eachremaining Wij satisfies a monic homogeneous equation Qij (Vioy-++» Vi, Wij) =0
of degree D;. If u; < N, the same holds for an additional constant linear form whose
ratio to V;, generates the function-field extension. Let B; be the joint coefficient vector
of these equations, including their common leading coefficient 1. Then

(12) h(B;) < h(Y;).

, b;j . , , ,

(2) Write Q;j = Ql.jfl, where Q;j1 is monic and irreducible. The discriminants of these
irreducible equations and of the equation for the additional linear form are nonzero
homogeneous polynomials A in the projection coordinates satisfying

(13) degA<2D?,  h(A) <2D;h(B)).

If these discriminants do not vanish at p;(x;), then p; is étale at x; and all coordinate
derivative denominators are nonzero there. For Y; = PN, one may take the identity
projection and linear coordinate equations.
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Proof. Generic projection and the primitive element theorem give a nonempty open set of
choices for the projection and the additional linear form. We can also require Vjo(x;) # 0.
The coefficients can be chosen in k, since constant points are Zariski dense in the parameter
space.

Specialize the Chow form of Y; to the u; hyperplanes V;, — T, V;q and the hyperplane W;; —
ZV;o. The coefficient of Zi is obtained by taking Vj as the last hyperplane; it is a nonzero
scalar independent of j. Divide by this common scalar and homogenize. This gives Q;, and
the same construction applies to the additional linear form. The coefficients are constant
linear combinations of the Chow coefficients, up to one common scalar. The ultrametric
inequality bounds their local norms, and the product formula removes the scalar, proving
(12).

Multiplicativity of the Gauss norm gives |Q;j 1|y = 1Q; jl,ljlb” < |B;ly, since B; contains 1.
Discriminants are resultants of total coefficient degree at most 2D;, which proves (13) for
the coordinate equations and the equation of the additional linear form. If the discriminant
of the latter equation does not vanish at p;(x;), the localized algebra generated by the ratio
of that form to Vg is étale over the base, hence normal. The coordinate algebra of Y; is
integral over this algebra and has the same fraction field, so the two algebras agree there.
Thus p; is étale at x;. Nonvanishing of the other discriminants gives the asserted derivative
denominators. (]

Choose these projections over a finite extension F/K defining x, Y, the line bundles,
the sections, and the projection equations. Enlarge F to contain the finitely many roots
introduced in Section 4.4. The field F and the weights a; remain fixed while the auxiliary
degree tends to infinity. Hypersurface intersections may later require further extensions,
under which the normalized heights remain unchanged.

4.3. Existence of an auxiliary section. Assume u > 0 and fix an upper bound D, € Z for D.
Put 1
d —de
= Wi, Q4= MIeN
where d runs through positive integers with de € Z. All line bundles below are restricted to
Y. The intersection hypothesis ensures that subtracting de /N, from d.M leaves a space of
sections of order d“. We use the dimension argument of [Rem05, Proposition 4.1], with the
nef hypothesis required in [Dil20, proof of Proposition 3.1].

Lemma 4.4. Asd tends to infinity through positive integers with de € Z,
du
40u!

(14) h°(Y,Qq) = ——[]al" +o(d".

i

Proof. Choose an effective Cartier divisor E € [Ny| on Y and put g = de. Successively
restricting to E gives

ho(dM - gNp) = h°(dM) - g h®(E,dM|p).

Here each (dM — jN,)|g injects into dM|g: multiply by a section of jA,|g that avoids
the associated points of E. Such a section exists because N is globally generated and the
ground field is infinite. By the nef asymptotic Riemann-Roch formula [Laz04, Theorem 1.4.40
and Corollary 1.4.41], the two terms on the right have leading coefficients M“/u! and
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MY YE/(u—-1)!. On the possibly nonreduced divisor E, use the coherent-sheaf form of the
same estimate and Riemann-Roch on its fundamental cycle; lower-dimensional terms are
o(d*1). Hence

PR u! 0,77 d\r—de u u—1

liminf — 1" (Y, MON ;%) 2 M" — ue M“"*N,.

d—oo dl

For u = 1, the restriction term is simply the length of E. The injection into NV} is nonzero on
Y, because it is an isomorphism at x. Thus N, — P is effective there. The class P — M is
globally generated. Intersecting these classes with the nef classes M and N, gives

MUTING = 7N < (am)“D] ]}
i

Together with (10) and the choice of ¢, this bounds the liminf below by 3(40) 7 []; a:.‘i. In
particular, (14) holds. ([

As in [Rem05, Proposition 4.2], we express a section of Q4 by polynomials whose coeffi-
cients satisfy linear equations. Set r = ro(INV + 1) and let s; denote the r sections

ol TIwi,  oex, 0s¢;=<N,
l, 1

which generate P4 M=\ f . For large d, Serre vanishing allows us to choose a basis
of H*(Y,P%) consisting of monomials in the projective coordinates. Write a family F =
(Fy)1<a<r in this basis. It represents a section of Q; precisely when the local quotients Fy /sy
agree, or equivalently when

Frsy=Fyusy I=sAusr).

Let N; be the number of coefficient unknowns and g, the dimension of the kernel of this
linear system. We allow zero generating sections, so omitting coordinates does not change r.

Lemma 4.5. The compatibility system has the following properties.
(1) Its kernel is naturally H(Y,Q,), and

N,
(15) q—ds49r(t1m)”D+ o(1).
d
(2) It can be written as scalar linear equations over F whose joint coefficient vector Ay
satisfies
(16) h(Ag) < d|blal+(t1+ ta+€))_ a;h(B;) |+ Oy,a(1).
i

Proof. Since the s) generate, every compatible family determines a section of Qg by gluing
its local quotients. Multiplication by the s, gives the inverse map. Thus gz = h°(Y, Q). The
injection into V4" gives

a* _
Ng=r—(n m)“D[]a;" +o(d",
: i
and Lemma 4.4 proves (15).

Since the coordinate sections of P map to monomials, each coefficient in a compatibility
equation is a polynomial of the form iW“P]‘.i of multidegree y = d(t; + 2 + €)a. Reduce

this polynomial using the monic equations Q;;. The result is a sum of monomials Wk with
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k;ij < D;, whose coefficients are polynomials in the projection coordinates. Each substitution
decreases the total degree in the non-projection coordinates, so along any branch there are at
most y; substitutions in factor i. Since | B;|, = 1, the ultrametric inequality bounds the norm
of the entire coefficient family by

(P, PICTTIBiL
i

There are only finitely many possible monomials W*, independently of d. Express them
in the function-field basis given by powers of the primitive elements, with exponent less
than D; in factor i. A single nonzero polynomial Ry in the projection variables clears
the denominators of all these expressions; write Ry WX = Sy in this basis. Multiplying
the compatibility equations by Ry preserves their kernel. Substitution, followed by taking
coefficients in the projection variables and powers of the primitive elements, gives scalar
equations over F. The polynomials Sy, are fixed as d varies, so their contribution to the height
is bounded independently of d. Summing the local bounds proves (16). O

Thunder’s function-field Siegel lemma gives a nonzero solution in terms of the row
heights. We use [Fuk10, Theorem 1.1 and (14)] in place of the number-field estimate [RemO05,
Lemma 2.6]. Let gr be the genus of Cr. A system with N unknowns and s < N independent
nonzero rows has a nonzero kernel vector z satisfying
Yih(rowi) 2gp+1

N-s * [F:K]°
For this normalization, choose O € Cr (k) and, by Riemann-Roch, a nonconstant ¢ € F whose
only pole is at O, of order e < gr+ 1. Then [F : k(£)] = e. Since k is algebraically closed,
the constant m(F, k(#)) in [Fuk10, (14)] equals e. With heights normalized by e, the cited basis
bound gives a vector of logarithmic height at most the kernel’s Pliicker height divided by N—s,
plus (gr — 1+ e)/e. By Pliicker duality [Fuk10, (21)] and the ultrametric determinant bound,
the kernel height is at most the sum of the row heights. Multiplication by e/[F : K] gives an
additive term at most 2gr/[F : K], and hence (17). If s = 0, a coordinate vector has height
Zero.

The genus term depends on F but not on d. Dividing by d with F fixed gives the following
estimate.

(17) h(z) <

Lemma 4.6. For all sufficiently large positive integers d with de € 7, there is a nonzero
section s € HY(Y, Q) represented by a family F; of homogeneous polynomials in the chosen
monomial basis such that

h(F,
(18) limsup % <40r(ttm)“D|6lal+ (1 + o+ &) Zaih(Bi) }
d—oo i
The expression on the right is independent of F and linear in the weights. The lower bound on

d may depend on the fixed data, including F and a.

Proof. Apply (17) to independent rows of the compatibility system. Each row has height at
most h(A,), so a nonzero kernel vector can be chosen with

2gF+1
[F:K]~

N,
h(F) < ~Lh(Ay) +
qa
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Divide by d and use (15) and (16). All data, including F and a, are fixed while d tends to
infinity, and hence

. 2gp +1
19 1 =0
(19) deoo d[F: K]
Neither this term nor Oy ,(1)/d contributes to the limit, which proves (18). O

4.4. A height bound from differentiation. We next estimate the contribution of differentia-
tion to the height inequality. The local input is [Rem05, Lemma 2.7, pp. 473-474]: its proof at
a simple root, on pp. 474-475, uses only the Leibniz rule and the ultrametric inequality and
applies at every place of F. All derivatives are taken over F.

Let T = (T,...,T,) be affine coordinates, and let y(T) be a local algebraic function
satisfying a polynomial relation

Q(T,y)=0, Qv (0,0 #0,

where yp = y(0) and Qy = dQ/8Y. At a fixed place v, rescale the coordinate so that |yy|, < 1,
and let |Q|, be the maximum of the absolute values of its coefficients after this rescaling. For
a multi-index a, write 8% = (a!)~10'%/0T*. Put
__

Qv (0, yo)ly
The local argument at a simple root in the cited proof uses no irreducibility hypothesis on Q
and gives

2|al-1
(20) 0y Ol =™ (al>0).
Return to the projections of Lemma 4.3. Assume that their discriminants and the
remaining original coordinates do not vanish at x. The projections are then étale at x. On

a neighborhood of x; in the chart V;y # 0, the remaining affine coordinate functions are
invertible. Write

wij = Wijl Vi, zij=wij(x),  vi=Vi1lVig,..., Viy, ! Vig).

14

The entries of v; — v;(x;) are local coordinates at x;. To bound the coefficients of the
coordinate equations after translation to x;, put, for each place v of F,

D;
M;, =max|z;jly,  Aiv=IBil, M.
j

Since 1 = Vjo/Vjg is a constant linear combination of the w;j, we have M;, = 1. Every affine

. . . . bii
projection coordinate has norm at most M;, at x;, and |B;|, = 1. With Q;; = Qi].]1 as above,
define

1 by bij y
Rij= (?j,ayjoij) (1,vi(xi),zij), ci = H(Zij]Rij)l/b”-
: J

The discriminant condition gives R;; # 0. The product ¢; collects the derivative denomina-
tors in factor i, which will disappear from the global estimate by the product formula. The
roots in its definition lie in the fixed field F and do not depend on d. Derivatives below
are divided derivatives in the local projection coordinates. The next lemma is the non-
archimedean form of [Rem05, Corollary 5.1 and Lemma 5.2]; see also the correction in [Dil20,
Lemma 5.1].
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Lemma 4.7. For every Laurent monomial ] in the coordinates w; j, every multi-indexx = (x;),
and every place v of F,

2AN+Diil | =2lK;
21) 10 J () = 1T ()l [T AZN+ DI g 2l

i
Proof. Translate the projection coordinates to x; and replace Y by z;;Y in the coordinate
equation. Its coefficient norm is at most A;,, and the branch w;;/z;; takes the value 1 at the
. . . b;j
origin. Since Q;; = Ql.jfl,

1/b;; e . . b;j .
A;, ’. Tts first derivative in Y at this root, raised to the power b; j, equals z, j] R;j. Applying

(20) to this simple root gives, for |a| >0and n =1,

the Gauss norm of the transformed irreducible equation is at most

1/b;; 2lal
10%w!. (xp)ly < |21y | ———
tj tj |(Zf]{jRij)1/bij|U
The ratio is at least 1, so we may increase the exponent from 2|a| —1 to 2|a|. Apply the same
argument to the reciprocal polynomial yDi Q;ij(1,vi(x;) + T,z;;/Y). Its coefficient norm is
unchanged, and its relevant derivative at Y = 1 differs only by a sign. The displayed estimate
therefore also holds for n = —1.

The product of these ratios over j is at most Af.\,’}“ /lcily. Write J as a product of coordinates
and inverse coordinates and distribute the divided derivatives among its factors. Each term
is bounded by the right-hand side of (21); the ultrametric inequality gives the same bound for
their sum. (]

The relevant order of vanishing weights differentiation in factor i by (dfa;)~!. For a
nonzero section s; of Q4, let o be the least value of

Z |Ki|

for which the divided derivative of a local representative of s; at x is nonzero. This is the
weighted index of s; at x. Multiplication by a unit does not change the least weighted degree
of a nonzero term, so the definition is independent of the local generator. Let

Hy=) aih(x;), Hp=) a;h(B).

We apply the product-formula argument of [Rem05, proof of Proposition 5.3]. A small
weighted index allows the differentiation terms involving Hy to be absorbed into the left side
of the height inequality.

Lemma 4.8. Let s; be represented by the polynomial family F;, and let x attain its weighted
indexo,. Then

(1) one has
(22) deHy —dhpa(x) < h(Fg) +2(N+1))_ Ix;1(h(B;) + Dih(x;));

@) ifog <ell4t (N +1)max; D;], then

h(F,
( d) +§HB.

£
(23) EHx < hp(x)+
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Proof. At each place choose a projective coordinate =;, of P of maximal norm, a section
Ok, in Z of maximal norm, and original coordinates W;, . of maximal norm. They define a
nonvanishing local generator

_ —d l_[ dsal

of Q, near x. Fix one rational local generator so and write s, = a, Sy and s; = asyg. The
coordinate heights give

dha(x)—deH, = [F X Zloglav(x)lu

The representing family gives a = a, Fy, ¢, (E/Z;,). All derivatives of smaller weighted order
vanish, so

0" a(x) = ay(x)0" (Fx,¢, (E/E},)) ().
Apply the product formula to the nonzero left side. Each monomial on the right is a Laurent
monomial in the original w; ;, since the injection for P is monomial. Its value at x has norm
at most 1 by the choice of Z;,. Lemma 4.7 bounds its derivative. Sum over the places and
apply the product formula to each fixed nonzero c;. Since

[F K] Zlong = h(x;),

this gives (22).
Under the bound in (2), we have |« ;| < dea;/[4(N + 1) D;]. Substitution in (22), followed by
division by d, proves (23). O

4.5. The geometric product estimate. We use a large weighted index to cut one factor by
a proper hypersurface whose degree and height bounds are independent of the auxiliary
degree. The algebraic part of REmond’s product estimate gives the product structure. We
supply the geometric height bound by intersection theory over the base curve.

4.5.1. Intersections with multiplicities. Let s = 1 and ny,...,ns = 0 be integers. Set P =
Cr x [1;_, P, let pr¢, be its projection to Cr, and let H; be the hyperplane class from its
ith projective factor Write Pr for the generic fiber, n = (n1,..., 1), lal =X a;, al =I1; a;!,
and H* =T]; H . For a subvariety V of codimension c in the generic fiber, let V be its closure
and put

n-a V-H"
dq(V) =V -[fiber]- H (lal=0), ha(v)—ﬁ (lal=c—1).
We use only indices with 0 < a; < n;. The numbers d, (V) are the multidegrees of V, and
the numbers h, (V) are the intersection numbers over Cr used to define its heights. All are
nonnegative. Multiprojective Chow heights are fixed linear combinations of the s, (V).

The geometric Bézout estimate corresponding to [Rem01, Proposition 3.2] follows directly
from intersection theory. Let P be a nonzero multihomogeneous polynomial of multidegree
(01,...,05) that does not vanish identically on V. Normalizing one coefficient to 1 and
clearing poles gives a divisor of class

prg, Dp+) 6iH;,  degDp=[F:KIh(P).
12



22 LONG LIU

The closure of the generic intersection cycle is bounded by this effective intersection cycle.
Let e; denote the ith coordinate vector. Intersecting with the hyperplane classes gives, for
lal =c,

(24) ha(V-V(P) =) 8iha—e, (V) + h(P)da(V),

where hq_., (V) = 0if a; = 0. Iterating this estimate bounds successive proper intersections
with their intersection multiplicities.

The index gives a lower bound for the Samuel multiplicity of a component of the ideal
generated by the derivatives. We must therefore retain that multiplicity in both estimates.
The following is the geometric counterpart of [Rem01, Proposition 3.2]. Write 6% =[]; 0 f"

Lemma 4.9. LetZ be a nonzero ideal sheaf on Pr generated by multihomogeneous polynomi-
als of multidegrees at most d = (8;), with coefficient poles bounded by one effective divisor E on
Cr. Let T be a component of its zero locus of codimension ¢ = 1, and put u = e(Z;,,Op, ),
the Samuel multiplicity at the generic pointnr of T. Then

(1) forlal=c,
c! o
(25) pda(T)saé ;
) forlal=c—-1,
c _,degE
2 7)< —6%—=—.
(26) phq( )<a!6 7Kl

Proof. Let T be the closure of T. Multiplying each generator by all monomials that raise its
multidegree to 6 preserves the ideal sheaf, since locally one such monomial is a unit. The
resulting sections belong to the nef line bundle

L= prEF Oc,(E)® O(by,...,05).

Let B be the common zero locus of these sections and put Ry = [P]. Inductively, cut R;_;
by a k-linear combination of these sections that is nonzero on each of its components.
Such a choice exists because no component of R;_; lies in B and k is infinite. Write the
intersection cycle as A;j + R, where A; consists of the components contained in B, with their
multiplicities. The identities
Cl(ﬁ)Rj_l = Aj +R]’
give
C
(D[P =Re+ Y. c1(L)VA;.
j=1

No component discarded before the cth intersection contains nr, since T is a component
of the generic base locus. The first ¢ sections therefore form a system of parameters in the
regular local ring Op, .. Their local intersection multiplicity is their quotient length, which
is at least p by [Rem01, Lemma 3.1]. Hence A, contains p7 .

Intersect the last cycle identity with respectively [fiber] H"~% and H"~%. All the other terms
have nonnegative degree, because the cycles are effective and £, the H;, and the fiber class
are nef. Finally,

c—-1
Z5iHi) )
i

a(L)f = (ZéiHi) +cprg, [E]
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since [E]? = 0. The coefficients of these two terms give (25) and (26). O

4.5.2. Components of the index loci. Let P be a nonzero multihomogeneous polynomial on
;_, P" with positive multidegrees 0;. Its weighted index at a point is the minimum of

ilal

over the divided derivatives whose values at the point are nonzero, after dehomogenization
in an affine chart containing that point. Here a; is the multi-index in the ith factor, and
derivatives are divided as in Section 4.4. This agrees with the local-section definition of
weighted index used there. Let Z.(P) be the closed locus where this index exceeds e. By the
Euler identities for a multihomogeneous polynomial, it is also cut out by the homogeneous
divided derivatives of weighted order at most ¢, as in [Rem01, §1, p. 289].

A component occurring at two distinct index levels has a large Samuel multiplicity.
If the successive polynomial degrees are sufficiently separated, the resulting multidegree
inequalities force the component to be a product. We use the multiplicity estimate in [Rem01,
Proposition 3.1] and the multidegree argument in [RemO01, proof of Proposition 2.1, pp. 294—
296]; Lemma 4.9 supplies the geometric height estimates. For 1 < c <} ; n;, put

¢!

0O =y

where the maximum is over the s-component nonnegative multi-indices.

Lemma 4.10. Let T be a common geometric irreducible component of Z;(P) and Zg 4+ (P),
whereo =0 and 1 > 0, and put ¢ = codim T. Suppose thatd;/6;+1 > 1 forl1 <i<s. Then
(1) ¢po)/t€=1;
@) if6il6ix1 > Pp0)IT€ for 1 < i <s, then T = Ty x --- x T for geometrically integral
subvarieties T; < P". Writing a; = codim T;, we have

27 Hde T; < ‘P( ), 8:h(T;) [ | degT; sa,(p( 2

J#i

h(P) (a;>0).

Proof. Enlarge F so that T and the factors that occur below are geometrically integral over F.
Normalized heights are unchanged.

Normalize one coefficient of P to 1, and let E be the common pole divisor of its coefficients.
Then degE = [F : K]h(P). Divided differentiation multiplies coefficients by integers, whose
valuations are nonnegative. Thus E also bounds the poles of the derivative family, to which
Lemma 4.9 applies.

For 1 =i < s, let t; be the codimension of the projection of T to the factors i,...,s; put
ts+1 =0and b; = t; — t;+1. Let Z; be the ideal generated by the derivatives of weighted order
atmost 0, and let u be its Samuel multiplicity at n 7. REmond’s algebraic multiplicity estimate
[RemO1, Proposition 3.1] gives

(28) yzrcnéﬁ’i.
i

The derivative hypothesis in that proposition follows from the Leibniz rule: derivatives of Z;
of weighted order at most 7 belong to the ideal defining Z,.; (P), and hence vanish at 7. The
proposition and its proof in [Rem01, §4, pp. 296-297] are algebraic over a characteristic-zero
field, so they apply over F.
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To obtain the product structure, we follow the multidegree calculation in [Rem01, proof of
Proposition 2.1, pp. 294-296]. Let p; be the codimension of the projection of T to the first i
factors, put pg = 0, and set a; = p; — pj—1. For this multi-index a, we have d,(T) > 0, as in
the cited proof. Moreover p; + t;4+1 < ¢, because T lies in the product of its two projections.
Combining (25) and (28) gives

c! b; pitliv1—C
29 1=<d,(T) =< .
(29) a(T) a!rcg(am)
Since p; + t;+1 — ¢ < 0 and the successive degree ratios exceed 1, (29) gives 1 < ¢(c)/7¢. If
every successive degree ratio exceeds ¢(c)/7¢, then (29) forces p; + t;+1 = ¢ for every i. The
inclusion of T in the product of its two projections is then an equality, by irreducibility and
equality of dimensions. Applying this to all cuts gives T =[]; T;.

For this product, a; = codim T; = b; and
do(T)=]]degTi,  ha—e,(T)=h(T;) [|degT; (a;>0).
i j#i

For the second identity, each factor closure is integral and hence flat over the smooth curve
Cr. Their fiber product is flat with integral generic fiber. Its local algebras inject into their
generic fibers, so it is integral and equals the closure of T. The identity follows from the
projection formula. Equations (25)—(28) give (27). O

We now choose index levels so that some two successive loci have a common component.
This gives the following geometric version of [Rem01, Corollary 1.2], with bounds indepen-
dent of the field of definition.

Lemmad4.11. Supposes=2andn; =1, and putu=1Y ;n;. Fore >0, set B¢ = (s/e)“. If
1 +1)\* Oi
loglurD\" 9 _p 1<i<s),
2u? Oiv1

every geometric irreducible component of Z.(P) is contained in a proper product Zy x -+ x Z;
of geometrically integral projective subvarieties satisfying

(1) Il;degZ; < B.;

(2) foreachi with Z; C P,

(31 0;h(Z;) < niB:h(P).

The factors may be defined over a finite extension of K; their heights use the normalization
above.

(30) 0<€<s(

Proof. The numerical calculation in [Rem01, §2, pp. 292-293] gives, under (30),
u L
Y (B M <e.
j=1
Choose 7; > (p(j)“jBe_l/j with Z}‘zl Tj<eandputo;=3,<;Tr, 09 =0. Given a component
W of Z.(P), choose components W; of Zg(P) such that W ¢ W, c --- ¢ W,. Here W, has

codimension one. Choose the first j such that codim W; < j; this exists because codim Wy, <
u. By minimality of j and the inclusion W; c W;_;,

j =codimWj_; <codimW; < j.
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Thus W; = W;_; and its codimension is exactly ¢ = j. Then ¢(c)/ T? < B.. Lemma 4.10 applies
to Wj_1 = Wj, since the degree ratios exceed B, > 1. Writing this common component as
[1; T;, we obtain
[[degTi<B.,  6;h(T;) < n;B:h(P).
1

The product is proper because it is a component of an index locus of the nonzero polynomial
P. (|

For one factor P”, the same choice of a common component applies to a polynomial of
degree 6 with thresholds 0, 8/n,...,, where n = 1 and 0 < § < 1. A component of Zg(P)
is contained in a common component T of two successive loci, of some codimension 1 <
¢ < n. In the local ring at the generic point of T, the ideal generated by the derivatives of
weighted order at most the lower of the two successive thresholds has Samuel multiplicity at
least (86/n)¢, by (28). Lemma 4.9 therefore gives

degT < (n/B)° < (nip)", Sh(T) < c(n/B)h(P) < n(n/B)"h(P).
We use this form after omitting zero-dimensional factors.

4.5.3. From a large index to a hypersurface. We return to Proposition 4.2, retaining Y, the
finite projections p;, and D, u, Hp from Sections 4.2-4.4. To apply the product estimate to an
auxiliary section, we take a norm to the product of projective spaces. Fix a positive integer d
with de € Z, anonzero section s; of Q4, and its representing family F;. Let o4 be its weighted
index. Assume that the discriminants and remaining original coordinates are nonzero at x,

and put p =[I; p;.

Lemma 4.12. Let s; # 0 be represented by F;. Choose a component of F; whose corresponding
generating section sy is nonzero at x, and take its norm under p. This gives a nonzero
polynomial G4 on []; P“ with the following properties.

(1) Its multidegree is dtyDa, and its index at p(x) for these degrees is at least 0 4/ D.

(2) Its coefficient height satisfies

(32) h(Gg) =D (h(Fy)+dt Hp).

Proof. Substitute the monomial expressions for the projective coordinates of P into the
chosen component. It is a nonzero section of multidegree df;a on Y. Its norm is regular
because the projection is finite and the section is integral on every affine projection chart;
the pole bound at infinity gives multidegree d; Da.

Extend the Gauss norm in the affine projection variables to a splitting field. The monic
equations and |B;|, = 1 bound every conjugate of W;;/Vjo by |B;|,. Each conjugate of the

chosen component therefore has norm at most |F4|, [1; | B; If,m“". Taking the product of the D
conjugates and summing over the places gives (32).

Let a be the chosen component in a local trivialization. Because s; (x) # 0, its index for the
weights dt; a equals that of s;. The quotient N(a)/a is a product of integral conjugates and
is integral over the base local ring. It lies in the function field of Y, and the local ring Oy , is
normal because p is étale at x. The quotient is therefore regular at x. Its weighted order is
nonnegative. The étale projection identifies completed local rings, while the weights for G,
are D times the original weights. This gives the index bound. U
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The degree of the norm contains a factor d, so the product estimate replaces h(F;) by
h(Fy)/d. For the auxiliary sections already constructed, this quotient is bounded as d tends
to infinity. Put n = mdim X, and let s be the number of positive u;. We omit the zero-
dimensional factors when applying Lemma 4.11.

Lemma 4.13. Suppose0< <1, 04/D > B, and a;laj+1 > (mIB)¥ forl <i<m. Ifs=2,
suppose also that .
log(u+1)
,B<s(—2u2 ) .
Set P = ((m+ n)/B)". Then there is an index i with u; > 0 and a nonzero homogeneous
polynomial U on P% vanishing at p;(x;) such that
uiP (h(Fg)
5] ( d
Its pullback to Y; defines a proper hypersurface section through x;.

(33) degU <P, a;h(U) < + tlHBJ.

Proof. Apply Lemma 4.11 to G4 after omitting the zero-dimensional factors. The ratios
between the remaining successive weights still exceed (m/8)". If only one factor remains, use
the one-factor estimate following that lemma. In both cases the bound P covers the required
degree bound, including (#/f)* in the one-factor case. We obtain a proper factor Z; C P%
through p;(x;) with degree at most P and

dtyDa;h(Z;) < u; Ph(Gg).

Choose a constant linear projection of Z; to a hypersurface in P4™m%+1  [ts equation is a
constant specialization of the Chow form of Z;. Pulling it back gives a nonzero homogeneous
polynomial U vanishing on Z;, with degU < deg Z; and h(U) < h(Z;). Combine these bounds
with Lemma 4.12 to obtain (33). Since p; is finite and surjective, the nonzero equation U does
not vanish identically on Y;. (]

4.6. Uniform constants and completion of the comparison. We prove Proposition 4.2 by
choosing a product through x of least dimension among those satisfying prescribed degree
and height bounds. At dimension u, denote these bounds by D, and By|al. The recursion
below allows every proper section supplied by the preceding lemmas. Start with

n=mdimX, D, = (degXx)™, B, = max{1, h(X),6}.

At dimension u, use e, as the value of € in O, A,lal as a bound for h(F;)/d, and s, as the
threshold for the weighted index. Define these and the constants for hypersurface sections
recursively, foru=n,n-1,...,1, by

1
ey=——, R, =80ry(N+ 1" (tym)*“Dy,
u 4u6(t1m)”Du u 0( ) (1 ) u
€u
Ay =R,(0+(H1+6+1)By)+1, Sy=——,
u u(@+ (1 +56+1)By) "= SN+ 1D,
Bu = min{s,/(2D,), (4n*) ™"}, Py=[((m+n)/p)"],
nP, 9
L, = max t—(Au+tlBu)+l,2DuBu,l s Ty = max{P,,2D,},
1

Dy 1=D,Ty, By 1=(Ty+1)By+DyLy.
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Lemma 4.6 gives h(F;)/d < A,lal for large d when the exponent is e,. For index at most s,
Lemma 4.8 gives a height bound. For larger index, 8, permits Lemma 4.13, and Ty, L,|al
bound the degree and weighted height of its equation. The same bounds include the
discriminants of Lemma 4.3. Choose

max —.

¢» > max Py, ¢3 > max- By, max
1=susn ey

4(Ay, + euBu/Z)} . - 4
1<us<n 1<usn ey
These constants depend only on the data listed in Proposition 4.2.
The recursion for D,_; and B,,_; preserves the degree and height bounds when one factor

is replaced by an irreducible component of a proper hypersurface section.

Lemma 4.14. Suppose a productY =[1;Y; through x of dimension u > 0 satisfies
[IdegYi<D,, Y a;ih(Y) <Bylal.
i i

Suppose an equation U on the original coordinates of one factor, or on its projection coordi-
nates, has degU < T, and a;h(U) < Llal, vanishes at x;, and does not vanish identically on
Y;. Replacing Y; by an irreducible component through x; of the corresponding hypersurface
section gives a product Y' of dimension u— 1 satisfying

[[degY;<Du-1, ) a;jh(Y)) <By-1lal.
i i

Proof. Substitution of constant projection forms does not increase the coefficient height or
degree of U. Bézout’s degree inequality and (24) give

[IdegY;<DyTy=Dy-1, Y ajh(Y)) < TuBulal+DyLylal < By-1lal.
i i

The section is proper, so each of its irreducible components has dimension u; — 1. Finite
extension to define the chosen component preserves the normalized heights. O

Proof of Proposition 4.2. Choose a product Y =[]; Y; through x of least dimension subject to
[]degYi<Dy, ) aih(Y)<Bylal, u=) dimY;.
i i i

Such a product exists because X' satisfies the bounds. Its dimension is positive: if u = 0,
then Y; = {x;} for every i, and c3|a| < Y_; a; h(x;) < Bylal, contrary to c3 > By.

Choose the projections of Lemma 4.3. If an original coordinate vanishes at x; but not
identically on Y;, its equation has degree 1 and height 0. If a discriminant vanishes at p; (x;),
its equation has degree at most T, and weighted height at most L,|al, by (13). Each equation
cuts Y; properly, the latter because p; is finite and surjective. Lemma 4.14 contradicts the
choice of Y in either case. Thus the projections are étale at x and all remaining coordinates
and derivative denominators are nonzero there.

Fix a finite extension F/K defining the point, product, projections, and auxiliary data, as
in Section 4.2. Apply Lemma 4.6 with € = e, and D, = D,,. For every sufficiently large positive
integer d with de, € Z, its section satisfies h(F;)/d < Aylal. f o4 > sy, then

04/D>s,/Dy, =206y, ajlaj 1 =cy > Py.

Since P, = (m/f,)", these inequalities give the weight condition in Lemma 4.13. The choice
Bu < (4n®)™" also gives its smallness condition: for 2 < s < u < n, we have 4n®>™" <
s(2u?)™" < s(log(u + 1)/ (2u?))*. This also applies after zero-dimensional factors are omitted.
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That lemma gives an equation of degree at most T;, and weighted height at most L,]|al.
Lemma 4.14 again contradicts minimality.

Hence o4 < s, for every sufficiently large positive integer d with de, € Z. Apply Lemma 4.8
and let d tend to infinity with F and a fixed. Since Hp < B, |al, we obtain

€y
?Hx < hpm(x)+ (Ay +eyBy/2)lal.

The inequality Hy = c3|al and the choice of c3 give (e, /4) Hy < haq(x), proving (11). Only the
lower bound on d depends on the field and the weights; the constants ¢y, ¢, c3 do not. 0

4.7. The semi-abelian difference maps. We apply Proposition 4.2 to differences on G and
its abelian quotient. Since the boundary height has degree one and the abelian height has
degree two under multiplication, we use weights a? for the former and a; for the latter. Both
contributions then have degree two in the weights.

Let ¢ be the torus rank of G. Choose n = 1 so that Ny = N®” gives the projectively normal
embedding of [Rem03, §2], and put ¢ = (t + 1)n. Set L* = M+ cn*N = M+ (t + 1)T" Ny. We
first prove Theorem 4.1 for its canonical height

i’l\L* = il\M-i- C(il\NOT[).

In Theorem 4.1(2), we accordingly use EM and cﬁN for its two components.

Let a = (ay,...,an,) be a tuple of positive integers. Each endpoint occurs in one adjacent
difference and each interior point in two. We record these multiplicities by n;, and define the
exponents b; used in the line bundles below and their sum H, by

m=Nm=1, ni=2 (l<i<m), bl'=17,'6llg, Ha:|b|=Zbi.
i

For x = (x1,...,Xm) € (V\ Zy)(K)™, write
Do(x)= Y (hm(a}x; - af, Xis1) + chy (@i Xi — ais1 Xi11))).-
i<m
We first prove the following estimate for positive integer weights and then use it to deduce
Theorem 4.1. We prove it on a projective graph, where the weighted differences define line
bundles. Compare [Rem03, Lemma 4.2 and proof of Theorem 4.1].

Proposition 4.15. There are positive constantsx, hy, Cy, Cs, depending only on G, V, the chosen
embeddings and heights, such that

(34) Y niahy (x;) < C4Dg(x) + Cs Hy
i

forall x; € (V\ Zy)(K) and positive integers a; satisfying
(1) EL* (x;) = hy for everyi;
) ajlais1=zx forl <i<m.
The constants are independent of the weights and the fields of definition of the points.

Fix x € (V\ Zy)(K)™ and positive integer weights a. We use the graph construction of
[Rem03, §3]. To apply Proposition 4.2, we need an intersection bound and a coefficient
bound with constants independent of a. We then compare the Weil height of the line bundle
defined by these differences with D, (x).
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4.7.1. Line bundles and intersections. Write the chosen standard compactification G as the
fiber product over A of the bundles P(O 4 & Qj), where Qq,...,Q; € Pic®(A); for t = 0, it is A.
Let V be the closure of V in G. The boundary line bundle is the fixed M. For positive integers
ai,...,am, the graph compactification in [Rem03, §3] extends the map

2 2
(x7) — (a;xi — aj, 1 Xi+1)i<m

to a morphism Ba. The graph projection to V" is an isomorphism over V. On the same
graph, let r, be the morphism to A”~! with components a;7(x;) — a;+17(x;+1). Set

—k _ —
M, :ﬁa(Mwm D) g r (N(;E(m Dys(t+1),

The bundle M, is nef. To see this, pull the tautological quotient on P(O4 @ Q;) back to a
normalized projective curve. It receives a nonzero map from one of two degree-zero line
bundles, so it has nonnegative degree. The boundary bundle O(2) ® p*Q}T1 is therefore nef,
where p denotes projection to A. Tensor products and pullbacks preserve nefness, and Nj is
ample.

The line bundle L* = M+ (t+1)7" Ny is very ample for this choice of n. Pull N}, = X; (L*)®bi
back to the graph. The section maps of [Rem03, Lemmas 3.2-3.3 and pp. 204-205] give a very
ample bundle P, and injections

P, _>N[;®(t+2)' Pa® ML _)Nl;®4(t+1)‘

The first sends coordinate sections to monomials with coefficient 1. The bundle P, ® M1 is
generated by ry = (N2 +1)"" (N3 +1) sections, where N,, N3 are the fixed projective dimensions
in the boundary and abelian graph embeddings of [Rem03, §3]. For the second injection,
choose a coordinate section nonzero at x. Both injections are then isomorphisms near x.
These constructions use the theorem of the cube and the projective embeddings, so they
apply over our characteristic-zero field. Thus the parameters in Proposition 4.2 are

(35) fh=t+2, L=4(+1), O=2".

The coefficient parameter ¢ will be supplied by Lemma 4.18.

Let Y =[]; Y; be a product of integral subvarieties with x; € Y; c V, and put u; = dimY;
and u = ) ; u;. Write Yu for its strict transform on the graph and 1 = (1,...,1). By Vojta’s
homogeneity theorem [V0j96, Theorem 5.5], it suffices to prove positivity when all weights
are one. We use the adjacent-pair form in [Rem03, pp. 205-206].

Lemma 4.16. For every such product Y, we have
~ . 2 .
(36) M- Yo =[] =27 [ b}
1 1
Proof. The cited homogeneity theorem gives

(37) MUY, =

Ha?”i)(/\/li‘-?l).

To pass from the cited proof over C to our field, descend the graph, line bundles, and product
to a finitely generated characteristic-zero subfield and embed it into C. Intersection numbers
are invariant under field extension. It remains to prove positivity for a; =--- = a,;, = 1.

Set U; = Y; n G. Since x; € U; \ Zy, no U; is contained in Zy. The difference map

Yo Ym)— 1= Y2 s Ym-1—Ym)
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is therefore generically finite on []; U; by [Rem03, p. 206], which applies the algebraic
argument of [Rem00, Lemma 2.1] with m = dimV +1. When a; = - = a,, = 1, M is the
pullback of the ample bundle (L*)¥~1 by the extension of this map. The projection formula
gives (/\/li‘ . 171) = 1, including when u = 0. Since u < m(m—1) < m? and n; < 2, this proves
(36). O

4.7.2. Polynomials representing multiplication. We use [Rem00, Proposition 5.2, pp. 126-
128] and [Rem03, Lemma 3.3] for the coefficient estimate. We give the estimate for geometric
heights, keeping track of the common scalar in each coefficient family. Put ny = h°(A, Ny) - 1.
Let &o,...,¢pn, be the coordinate sections of Ny, and let Zy,...,Z,, be the corresponding
polynomial variables. By the theorem of the cube, projective normality, and the Kiinneth
formula, there are bihomogeneous polynomials Ry, of bidegree (2,2) representing the
pullbacks of {, X &y by (y,2) — (¥ + 2,y — 2). Fix these polynomials and let Hyqq = 1 bound
the height of their joint coefficient vector.

Multiplying the sections by a power of one coordinate permits a recursion by addition and
subtraction. The exponents below make all the required coordinate powers nonnegative, so
this recursion gives polynomials whose coefficient heights have quadratic bounds. Put

r2-1
f(r)—{ 5

Lemma4.17. Foreveryr = 1 and fixed coordinate index j, thereis a family Q;; = (Qr,i, j)osi<n,
of homogeneous polynomials such that

J (r=1).

(1) each polynomial has degree r+ f(r) and represents «f;m [r1*&; under[r]* Ny = NSNZ;
(2) the height H,,; of the family’s joint coefficient vector satisfies H, ; < (r? = 1) Hagq.
The estimate is uniformin j.

Proof. Start with Q1;; = Z;. For r > 1, put r_ = [r/2] and ry = [r/2]. The addition and
subtraction of [r;]y and [r_]y give [r]y and [ry — r_]y. If r is odd, the substituted polynomial
R;,jQ,,;,Q;_ ;) therefore represents

f?f(LHZf(m)H[r]*fi-

Multiply it by Z]f (N=2f(r)=2r)=1 "1£ 1 i5 even, choose once and for all an index jo such that

¢ j,(0) # 0. Substitute into R; j,, divide by the resulting common nonzero scalar, and multiply

by Z]].c (=470 These exponents are nonnegative because

f2s)=4f(s), fCs+1)=2f(s)+2f(s+1)+1.

The two constructions have the required degree and represent the required sections. Multi-
plication by a monomial and division by a common nonzero scalar preserve the height of the
coefficient vector. The ultrametric inequality gives

H1,j =0, Hyj < Hadd +2Hr_j+2H,, j < (r* = 1) Hada,

where the last inequality follows by induction from 1 +2(r2 -1+ 2(rJ2r —1) < r2—1. This bound
holds for each fixed j, uniformly in the choice of j. O
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4.7.3. Coefficients of the section maps. We apply these polynomials to adjacent pairs. The
formula in [Rem03, Lemma 3.3, p. 202] then gives the coefficient bound for the second
injection.

Lemma4.18. The second injection and its generating family can be chosen so that their images
are represented by a polynomial family P, of multidegree 4(t + 1) b satisfying

(38) h(P,) <6H,, 6 =2(t+1)Hyqgq.

The constant is independent of the weights and the fields of definition of the points.

Proof. For positive integers a, b and fixed coordinate indices j, k, the family

P b;jke.er = Ree(Qa,j, Qp,i)
has bidegree (2(a? + f(a)),2(b* + f(b))). Its restriction represents the pullbacks of £, X, by
(¥,2) — (ay + bz, ay — bz), multiplied by pff?f(”)pgfif(b), where p1,p2 : Ax A — A are the

projections. Its joint coefficient height is at most
Haqd +2Haj+2Hpr < 2(a® + bz)Hadd.

Choose j; such that ¢, (m(x;)) # 0 for each i, and write Z](.i) for the coordinate variables on
the ith factor. The formula in [Rem03, Lemma 3.3, p. 202] takes the product of these pair
polynomials over adjacent factors, raises each to the power d, and multiplies by
H(Z(._i))de(a?—f(ai)).
. Ji
1
The resulting family has exactly multidegree 4dmaf.‘ in factor i: the adjacent-pair product
contributes 2dn; (af + f(a;)). Its joint coefficient height is at most
2dHuaq Y (a5 + a7, |) = 2dHaga Hy-
i<m
For the second injection above, take d = t+1. The additional boundary factors are monomials
with coefficient 1. This gives (38). The fixed addition family and invariance of normalized

heights under finite extension make ¢ independent of the weights and the field of definition
of the points. U

4.7.4. Comparison with canonical heights. Let h,, be the Weil height defined by the graph
coordinates. We next compare it with the canonical heights, uniformly in a. The following is
the geometric form of the section calculation in [Rem03, Lemma 4.2].

Lemma 4.19. There is a constant C > 0, depending only on the fixed embeddings and height
data, such that

(39) hat, () < Y (halalx; - a3, xie1) + chy (u(aix; — aip1xi41))) + CHg

i<m
for all the weights and points under consideration, independently of their fields of definition.
Proof. After a fixed finite extension, choose P; € A(K) with Qj = T;j Ny ® N;1, where © P;
denotes translation by P;. For P € {0, +P;}, the identity

[21* 75 No = (T3 Np)®* ® N&*
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compares two fixed generating families of sections. Their local norm ratios are bounded on a
projective model and contribute zero outside finitely many places. Normalization preserves
these bounds after finite extension. The graph construction uses the families with total tensor
exponent O(H,), so the resulting errors are O(H,) with a fixed implied constant.

Let&, = BZ(M&(’”_”) and choose its Weil height by
he, (x) = hpg, () = (E+1) Y Ay (@im(x) — @1 70(Xi41)),
i<m
and let B, (x) be the projective height of the boundary coordinates in [Rem03, Definition 3.2].
The section formulas and the parallelogram law give

he,(x) = Ba(x) — 1 )1 T, (0(x) + O(Ha),
2B4(x) +2t Y nia? hy, (0(x)) < Ba([21) + O(Hy).
i

Since ENO ([2]y) = 4EN0 (), these imply 2h¢e (x) < hg, ([2]x) + CH,. Iteration yields
he, (x) < 2_’hga([2]rx) +(1-2"")CH,.

For fixed a, he, differs by a bounded function from the pullback of a Weil height for M%7,
Its normalized limit is the sum of linear heights in (39); the bounded difference vanishes after
multiplication by 27". This proves the estimate with C independent of a. (]

Proof of Proposition 4.15. For the embedding defined by L*, its Weil height satisfies h- =
hz- + O(1) uniformly on algebraic points; see [Rem03, §2, p. 195]. Apply Proposition 4.2
with the parameters (35), the intersection bound (36), and the coefficient bound (38). Since
b;/biy1 = al?/(Zal? 1), a fixed lower bound on a;/a;+1 supplies the weight hypothesis. The
bounded difference between h;- and h;- supplies the height hypothesis after increasing hy.
Combining the conclusion with Lemma 4.19 proves (34); the bounded height differences

contribute a constant multiple of H,. All constants depend only on the stated fixed data. [
4.8. Completion of the Vojta inequality.
4.8.1. Integer weights and normalized differences.

Proof of Theorem 4.1 over a curve. We approximate the normalized points in Theorem 4.1
by integer multiples and apply Proposition 4.15, as in [Rem03, Lemma 4.1 and proof of
Theorem 4.1]. Choose C; >0, C, > max{x, 1}, and C3 = hg so that

Ci(CiT+C3 <1, 2GC5/C3<1.
Suppose a tuple outside Zy satisfies the hypotheses of Theorem 4.1 for hy- with these

constants. Put H; = EL* (x;). For each positive integer v, choose a;(v) nearest to v/+v/ H;.
These integers are positive for large v, and

a®) | [Ha o o0 @@ 1
ajs1(v) H; ’ v2 H;
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Thus (34) applies. Divide it by v? and let v tend to infinity. Homogeneity and continuity on
the real span of the fixed tuple identify the limit of D, (x)/v? with

~ Xi  Xi+1 ~ (7m(x;) 7w(Xi41)
h (— — ) +ch ( - —)) .
l;n( M H; H; N vVH; +VvHi

The inequalities in Theorem 4.1(2), applied to i+, bound this by (m —1)(C;! + C7?). Since
Y.ini =2(m—1) and H; = Cs, the limiting inequality gives

1, 2y, 2G5
2=Cy(Cy +C1)+—<2,
Cs

a contradiction. Here the auxiliary degree has already tended to infinity with the field and the
weights fixed. Thus (34) has no genus term before the weights vary with v.

It remains to replace hy- by hr. Suppose that x,y have positive height and the two
expressions in Theorem 4.1(2), after taking the square root of the second, are at most §. Set

_ hpe (%) _hp(y)
)  huy)
The identity ry = c— (c — D has(x)/hi(x) and the reverse triangle inequality give |ry —ry| <
(c—1)8. On [1,c], the functions s~! and s~!/2 have Lipschitz constants 1 and 1/2. For EL*,

whose quadratic part is c¢(hy om), the corresponding first expression is at most ¢d and the
square root of the second is at most /c(1 + (c —1)/2)8 < ¢%/28. Moreover,

hi(y) _ ()
hp(x)  chi(x)
If Cy,C5,Cs3 are the constants for EL*, choose ¢; = ¢%2Cy, ¢, = VcCy, and c3 = C3. The

hypotheses for h; would imply those already excluded for hy-. This proves Theorem 4.1 over
acurve. U

€ll,cl, ry

Ty €[1,c].

hr+(x) = hy(x),

4.8.2. Higher transcendence degree. To pass to higher transcendence degree, we choose a
generic curve on the fixed polarized model. We need a single curve that preserves normalized
heights for every finite extension of K. Suppose b = dim 8 > 1. Choose e = 1 such that H®¢
is very ample, and let k' be an algebraic closure of the function field of the full parameter
space of (b —1)-tuples of hyperplanes in this embedding. Let C/k’ be their generic complete
intersection in By.. Since B is normal, its singular locus has codimension at least two and is
avoided by this generic curve. Bertini’s theorem in characteristic zero then makes C smooth;
it is projective as a closed subvariety of By/. The incidence variety dominates 13, so it gives an
injection
K—K'(O).

We fix an extension of this injection from Ktoan algebraic closure of k'(C).

Put A = e~1, and denote the base changes of M, N, L by M, N¢, Lc. Heights over k'(C) use
the normalization of Section 4.1. The generic curve has the following properties.
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Lemma 4.20. The extension K — k'(C) has the following properties.

(1) For every finite extension FI/K, the algebra F ® k'(C) is a field of degree [F : K] over
K'(O).

(2) The canonical heights satisfy EMC = Ahyy, fAzNC = Ahy, and ELC = Ahy on the original
algebraic points of G, A, G, respectively.

(3) Every pointof (V\ Zy)(K) remains outside the Mordell exceptional locus after extension
to an algebraic closure of k' (C).

Proof. Let F/K be any finite extension and let B — B be the normalization. The nor-
malization morphism is finite, so every nonempty fiber has dimension zero. Thus [PS22,
Theorem 1.5] applies: while the image has dimension at least two, its bound makes the
locus of hyperplanes whose inverse images are not geometrically irreducible a proper subset
of the dual projective space. Successive generic hyperplanes therefore have geometrically
irreducible inverse images. Generic reducedness follows from Bertini in characteristic zero,
giving a geometrically integral curve over the parameter field. Thus, after extending the
parameter field to k’, the induced curve has function field

Fer k' (0), [Fexk'(C): k' (C)] =[F:K].

The good open subset of the parameter space may depend on F, but its generic point belongs
to every such open subset. Consequently the single field k'(C) has this property for every
finite F/K. The same generic complete intersection avoids every fixed codimension-two
subset of Br defined over k; in particular, modifications needed to extend a given rational
map do not change the induced curve.

We record the height comparison, including its normalization. For a projective point z
over F, normalize one nonzero coordinate to 1, and let D, be the common pole divisor
of its coordinates on Br. Write Hf for the pullback of 7. The generic curve avoids the
indeterminacy locus of the rational map defined by z, so restricting its coordinates and
applying the projection formula gives

D - (eHp)"!
he(2) = T Ah(z).
The same calculation applies to a line bundle on a projective model: extend the point on
the closure of its graph and restrict the pulled-back line bundle to the generic curve. It
also applies to coefficient and Chow heights, while generic multidegrees are unchanged by
extension of the field. These identities hold for every algebraic point and every multiple [n]x
with the same generic curve. Passing to the canonical limits gives

hme =Ahy,  hn,=Ahy,  hp.=Ahy.
Original points outside Zy remain outside the Mordell exceptional locus after this ex-
tension. Indeed, any positive-dimensional semi-abelian subgroup over the enlarged alge-
braically closed field descends to K by [Liu24, Theorem 2.3.12]. If a coset of such a subgroup

contains x € V(K), it is x + B after base change, for a subgroup B over K. Its containment in
the extended variety V descends faithfully flatly, so x + Bc V and x € Zy. O

Completion of the proof of Theorem 4.1. Both expressions in Theorem 4.1(2) are unchanged
by the displayed scaling, by their respective linear and quadratic homogeneities. Height
ratios are unchanged as well. If ¢}, ¢}, ¢} are the constants over the curve, take c; = ¢|, ¢, = ¢},
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and c3 = ¢}/ A. This proves the theorem for the original polarization. The trace and bounded-
height arguments of Sections 2 and 3 continue to use the original extension K/k. ]

5. PROOF OF THE MAIN THEOREM

After passing to the stabilizer quotient, Theorem 4.1 bounds heights outside a proper
closed subset. Proposition 3.1 will then give the main theorem.

5.1. Bounded height outside the cosets. Finite rank makes the quotients by the kernels of

the seminorms 1, and \/ hy o 7 finite-dimensional. A finite covering of their unit balls sup-
plies the nearby normalized points required by Theorem 4.1. The following is the geometric
counterpart of [Rem03, §5, Lemma 5.1(1) and p. 210]; see also [Ge24, Proposition 3.3] in the
abelian arithmetic setting.

Proposition 5.1. Let V < G be a closed subvariety, and let A < G(K) be a subgroup of finite
rank. There aren > 0 and R = 0 such that

hrx)<R  (xe(V\Zy)(EK) N (A+B,y(G).

Proof. If V = {v}, take R = hy(v) and 1 = 1. Otherwise choose the constants in Theorem 4.1
with ¢; = 1 and ¢; > 1, and again set n = 1. We will obtain a finite partition in which pairs of
sufficiently large points satisfy Theorem 4.1(2).

Write x = A + z, where A € A and EL(Z) < 1. The triangle inequalities for EM and EN orr
give

L (x) = he ()] < 1+2\/ A ().
The function \/ hy is subadditive, as is \/ hno. Applying the Euclidean triangle inequality
to this pair of functions proves the triangle inequality for 1/ hr.In particular,
IV he(x) =\ (V)] = 1.

If EL(x) > 1, then EL(/I) > 0, and we may normalize by both heights. Homogeneity and the
triangle inequalities give

- ( P A ) 14+ (0) - A 4+2y/ he(x)
hM > = =

hr(x) hL(/U hy(x) hr(x)
7(x) () 1 +1\/ hr(x) =\ hr(A) | 2

\/ o R Vi Vi

Both bounds tend to zero as hL(x) — o0o. Choose Ry > max{l, c3} so that they are at most
1/(4c,) for hy(x) = Ry, independently of x and its decomposition.

Take the finite-dimensional normed quotients of A®7zR by the kernels of EM and \/h NOT,
respectively. The images of 1/ hz(A) in the first quotient and of A/\/hz(A) in the second

belong to the corresponding closed unit balls, since EM(A) < EL(A) and EN(JI(A)) < EL(A).
Compactness gives a finite 1/(4c;)-net in each ball. For every x with hr(x) = Ry, fix a
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decomposition x = A+ z and assign it to a pair of net centers within 1/(4c;) of the normalized
images of A. The pairs of centers define a finite partition.

If x and x’ belong to the same part, the normalized subgroup images differ by at most
1/(2cy) in each norm. Combining this with the preceding error bounds gives

~ X x'
h (A - — ) < c_l,
M Ren)

hix nx)  7wx) 561_2.
Vi )

If the heights in (V'\ Zy) (K) N (A + B1(G)) were unbounded, one part would have unbounded
heights. Successively choose m = dimV + 1 points in that part with first height at least
Ry and successive height ratios at least cg. They satisfy both conditions of Theorem 4.1, a
contradiction. The asserted bound R follows. ([

5.2. The stabilizer quotient.

Proof of Theorem 1.1. Assume (1). Let S = Stab(X)° and g : Gz — G= Gx/S be the stabilizer

quotient. Choose a standard compactification of G and a line bundle L = M +7 N, where M
is its boundary line bundle, N is symmetric and ample on its abelian quotient, and 7 extends
the projection from G to its abelian quotient. Define B (G) using ﬁz. Height comparison for
g shows that q(X)(K) n (q(') + Be(G)) is dense in g(X) for every € > 0.

The group g(I') has finite rank and satisfies [1n] ! (") = g(I) for every n = 1, with inverse
images taken in G(K). Indeed, if [n]b = q(y) foryeT, lift bto x € G(K). Multiplication by n is
surjective on S, so some s € S(f) satisfies [n]s = [n]x—7. Then [n](x—s) =y, whence x—seT
and b € g(I'). Applying q to the definition of I gives g(I') € ¢(I'0)4V, and the inverse-image
identities give the reverse inclusion.

The quotient data descend to a finite extension of K, preserving normalized heights. Since
g '(q(X)) = X, the image g(X) is closed and has finite stabilizer Stab(X)/Stab(X)°. Replace
G, X, Ty, T by their images and M, N, L by the quotient line bundles M, N, L, and use this
height to define I'.. It is now enough to prove (2) when X has finite stabilizer.

Abramovich’s theorem makes Zx a proper closed subset when dim X > 0; for a point, Zx
is empty. Proposition 5.1 gives 7 > 0 and R = 0 such that every point of (X \ Z X)(f) NIy has
height at most R. For 0 < € <7, the set (X \ Zx) K)n I'c remains dense and has height at most
R. The same density of points of height at most R holds for € > 1 by inclusion. Proposition 3.1
gives (2) for the quotient, which is exactly (1) for the original variety.

Conversely, assume (2) and choose y in (1). The connected stabilizer of X -7y is again S, and
its quotient is the image of a constant subvariety under a homomorphism with finite kernel.
Hence X — vy is special in the sense of [LY25, Theorem 1.1], with torsion translation zero. That
theorem gives a dense set of points of arbitrarily small height on X —y. Translation by y € T
proves (1). ([

Proof of Corollary 1.2. Inducton dim X. If X is I'-special, take Z; = X. Otherwise Theorem 1.1
gives € > 0 such that the closure of X(K) N T, is proper. An empty closure requires no
exceptional subvarieties; this includes the dimension-zero case. Otherwise apply induction
to its finitely many irreducible components and take the minimum of € and their positive
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thresholds. Every point in the resulting neighborhood lies in a component and hence in one
of its exceptional subvarieties. O

5.3. Positive characteristic. In this subsection, let k have characteristic p > 0, with the
other field and height conventions unchanged. Stabilizers are given their reduced scheme
structure, as in [LY25, §1.1]. The implication from I'-specialness to the density of X (K) N T
for every € > 0 still follows from [LY25, Theorem 1.1]. When I'y has rank zero, this theorem also
gives the converse: I' = ng" is the torsion subgroup, and adding torsion preserves canonical
heights.

Lemma 2.1 remains valid with the F/k-trace, since the Poincaré model and integral
boundary degrees do not require separability. Lemma 2.2 and Corollary 2.3 then apply
unchanged. Together with geometric Bogomolov for a point, they prove Theorem 1.1 when
dim X = 0. The constant term in a point of height zero is expressed through the trace map,
without identifying its image with a constant subgroup.

For a split torus, Proposition 3.1 also holds in positive characteristic. The torus is constant,
the incidence estimates hold in every characteristic, and generic finiteness suffices for the
argument using a big line bundle in Lemma 3.5. Homomorphisms of split tori are given by
integer matrices on their character groups, so subtori and homomorphisms between them
are defined over k. The arguments for descent and for the translating point therefore do not
require the characteristic-zero identification of a general semi-abelian trace image.

Proposition 5.1 and Theorem 4.1 fail in positive characteristic, as the classical Frobenius
solutions of u + v = 1 show; see [DM12, p. 1046, (1.3)—(1.4)].

Example 5.2. Let K = k() and G = G2,. On G = (P))?, take L = M = O(2,2) and N = 0 on
the trivial abelian quotient. Thus h (i, v) = 2hoq) (1) +2heq)(v), with the heights computed
over IP’lk using O(1) as the base polarization. Set

X={wv) :u+v=1cG, P=(t1-1, T=(p)i,

A one-dimensional torus coset contained in X would equal X. Its coordinates would have the
—k

form az", bz® for a,be K and integers r, s not both zero, whose sum cannot be identically 1.

Hence Zy is empty and the stabilizer is finite. Frobenius gives

[p"1P=(""1-t"YeXnT,  hr(p™P)=p"h(P) — oco.

This disproves the positive-characteristic analogue of Proposition 5.1. It also disproves that
of Theorem 4.1, since both expressions in Theorem 4.1(2) vanish for any two of these points.
The curve is constant and therefore I'-special, so it does not contradict the specialness
conclusion.

The forward implication of Theorem 1.1 for general semi-abelian varieties in positive
characteristic is not established by these arguments.
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